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ABSTRACT
We investigate the evolution of supermassive binary black holes (BBHs) in galaxies with realistic
property distributions and the gravitational wave (GW) radiation from the cosmic population of
these BBHs. We incorporate a comprehensive treatment of the BBH dynamical interactions with
their environments by including the effects of galaxy triaxial shapes and inner stellar distributions,
and generate a large number of BBH evolution tracks. By combining these BBH evolution tracks,
galaxy mass functions, galaxy merger rates, and supermassive black hole–host galaxy relations into
our model, we obtain the statistical distributions of surviving BBHs, BBH coalescence rates, the
strength of their GW radiation, and the stochastic GW background contributed by the cosmic BBH
population. About ∼1%–3% (or ∼ 10%) of supermassive BHs at nearby galactic centers are expected
to be binaries with mass ratio > 1/3 (or > 1/100). The characteristic strain amplitude of the GW
background at frequency 1 yr−1 are estimated to be ∼ 2.0+1.4−0.8 × 10−16, and its upper bound of the
results obtained with the different BH–host galaxy relations can be up to 5.4 × 10−16, which wait
to be tested by future experiments (e.g., SKA, FAST, ngVLA). The turnover frequency of the GW
background spectrum is at ∼ 0.25 nHz. The uncertainties to the above estimates and prospects for
detecting individual sources are also discussed. The application of the cosmic BBH population to the
LISA band provides a lower limit to the detection rate of BBHs by LISA, ∼0.9 yr−1.
Keywords: Astrodynamics (76); Gravitational waves (678); Cosmological evolution (336); Galaxy
dynamics (591); Galaxy mergers (608); Galaxy nuclei (609); Gravitational wave astronomy
(675); Supermassive black holes (1663)
1. INTRODUCTION
In the modern paradigm of hierarchical galaxy forma-
tion and evolution, a natural consequence of mergers of
galaxies with central supermassive black holes (SMBHs,
hereafter BHs) is the formation of supermassive binary
black holes (SMBBHs, hereafter BBHs) at galactic cen-
ters (e.g., Begelman et al. 1980; Yu 2002; Benson et
al. 2010). The formed binaries interact with surround-
ing stars and gas, which may distinguish the systems
with some unique astronomical phenomena different from
those with only one BH. If the separation of the two BHs
can decay to be sufficiently close through the interac-
tions, significant gravitational waves (GWs) will be radi-
ated, taking away energy and angular momentum, lead-
ing to mergers of the BBHs, and contributing to the GW
background (GWB) at the relatively low-frequency band
[e.g., the detection frequency bands of the Pulsar Tim-
ing Array (PTA) experiments (Hobbs 2013; McLaugh-
lin 2013; Desvignes et al. 2016; Verbiest et al. 2016),
Laser Interferometer Space Antenna (LISA; https://
www.lisamission.org), and Taiji/Tianqin (Ruan et al.
2019; Wang et al. 2019)]. Studies of the strength of the
GW radiation caused by BBH mergers, the character-
istics of BBH systems and their statistical properties,
would provide an important probe to the hierarchical
structure formation and evolution model, BH physics,
and the gravitation theory.
In this work, we investigate the expected statistical
distributions of BBHs surviving in the nearby universe
and the strength of the GWs radiated by merging BBHs.
To determine how many BBHs can survive or coalesce,
the dynamical evolution timescales of BBHs play a vital
role. For example, Yu (2002) shows that the evolution
of BBHs in a gas-poor system depends on BH mass ra-
tio and host galaxy type. BBHs with very low mass
ratios (say, . 0.001) are hardly formed by mergers of
galaxies, because the dynamical friction timescale is too
long for the smaller BH to sink into the galactic center
within a Hubble time. For BBHs with moderate mass
ratios, one essential factor to determine their evolution
timescales is how many stars can pass by the vicinity of
the BBH to interact strongly with the BBH and make
it lose energy, and it has been shown that BBHs in low-
dispersion galaxies or in highly flattened or triaxial galax-
ies have relatively low evolution timescales (Yu 2002).
Over-simplified treatments on the interaction of a BBH
with its environments may lead to some uncertainty in
the current estimation of the strength of the GW ra-
diation emitted by the BBHs, as the interactions affect
how many BBHs are surviving at a given separation, and
when and where gravitational radiation becomes domi-
nant in making a BBH lose energy; and a realistic treat-
ment of the BBH interaction with their environments is
necessary for the BBH dynamical evolution models and
the GW radiation estimation (Shannon et al. 2015; Ar-
zoumanian et al. 2016; Lentati et al. 2015). To obtain
the coalescence rate of merging BBHs in the realistic uni-
verse and the realistic statistical distribution of surviving
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BBHs, in this work we model the dependence of the BBH
dynamical evolution on stellar distributions and galaxy
shapes, and we incorporate the BBH dynamical evolution
model with the realistic distributions of galaxy properties
(e.g., stellar distributions, galaxy shapes, galaxy merger
rates).
This paper is organized as follows. In Section 2, we
review the dynamical processes and the model for the
evolution of a BBH in gas-poor systems. The detailed
model is mainly adopted from Yu (2002). In Section
3, we describe the modeling of the distribution of sur-
viving BBHs, BBH coalescence rates, and the strength
of stochastic GWB. In Section 4, we describe the galaxy
samples, the realistic galaxy distributions and the galaxy
merger rates used in the model. In Section 5, we present
our results for the distribution of surviving BBHs and the
GW strength radiated by merging BBHs. Discussion is
given in Section 6 and conclusions are given in Section 7.
2. ORBITAL EVOLUTION OF BBHS
In a gas-poor galaxy merger, the formation and evolu-
tion of a BBH can be divided into the following stages,
according to the dominant physical mechanisms that act
to drain the energy of the orbit of two BHs (Begelman
et al. 1980; Yu 2002). The relative importance of each
mechanism is determined by the spatial scale of the sep-
aration between the two BHs. (1) Dynamical friction
stage: after two galaxies merge, each BH in its progeni-
tor galaxy will sink into the center of the common poten-
tial well of the merging galaxy, due to dynamical friction,
from a separation of several tens of kpc to ∼10 pc. (2)
Non-hard binary stage: the two BHs with masses M1 and
M2 (M2 ≤ M1) form a bound system with semi-major
axis
a . Rinfl≡ GMBH
σ2c
'10
(
MBH
108M
)( σc
200 km s−1
)−2
pc, (1)
where MBH = M1 +M2, σc is the one-dimensional veloc-
ity dispersion of the merged galaxy core. The dynamical
friction continues to make the BBH lose energy but be-
comes less and less effective as the binary orbital veloc-
ity increases and its orbital period decreases. Meanwhile,
from time to time a star walks to the vicinity of the BBH
and the three-body interactions between the BBH and
the stars gradually become the dominant mechanism to
make the BBH lose energy. This stage is an intermediate
stage between the previous dynamical friction stage and
the next hard binary stage. (3) Hard binary stage: the
BBH becomes hard when its semi-major axis
a . ah≡ GM2
4σ2c
'2.8
(
M2
108M
)( σc
200 km s−1
)−2
pc. (2)
A hard binary loses energy mainly by interacting with
stars passing in their vicinity, most of which will be ex-
pelled from the BBH with an energy gain after one or
more encounters with it. In such expulsions, the relative
change in the BBH orbital energy is independent of the
energy (Heggie 1975), which can simplify the analysis of
the BBH evolution timescale at this stage. (4) Gravita-
tional radiation stage: when the semimajor axis of the
BBH is small enough (e.g., < 10−2 pc), gravitational ra-
diation becomes the dominant effect to drive the BBH
orbital decay. This stage is likely to occur before the
BBH becomes hard if M2 M1.
In this paper, we obtain the orbital evolution of a BBH
by following the model presented in Yu (2002), supple-
mented with a numerical method to calculate the stellar
orbital motion and obtain the stars that can move to the
vicinity the BBH in triaxial gravitational potentials. We
summarize the model of the evolution timescales of the
BBH at the four stages in Section 2.1-2.4, respectively.
Note that the evolution of the BBHs at the non-hard and
the hard stages is critical to determine how the BBHs are
distributed at pc and sub-pc scales, and when and where
the gravitational stages start. One essential factor to de-
termine the BBH evolution timescales in those stages is
how many stars on low-angular momentum orbits, which
can pass through the vicinity of the BBH, are available to
interact strongly with the BBH. Even if the low-angular
momentum stars initially in the stellar system are ex-
pelled away by interactions with the BBH, the stars on
high-angular momentum orbits can still move onto low-
angular momentum orbits by the two-body relaxation or
by orbital precession in non-spherical (e.g., flattened or
triaxial) gravitational potentials (Magorrian & Tremaine
1999; Yu 2002; Berczik et al. 2006; Khan et al. 2011;
Preto et al. 2011; Khan et al. 2013; Vasiliev et al. 2015).
In this work, we include the effect of the non-spherical
potentials, as well as that of the two-body relaxation.
We define a “loss region” by the (specific energy, specific
angular momentum) phase space of the stars that can
precess onto low-angular momentum orbits with pericen-
ter distances ∼ a. The stars in the loss region can pass
by the BBH vicinity and then escape from the BBH after
strong interactions with it. We obtain the loss region by
numerical simulations, and the method is described in
Section 2.5.
In the model, we assume that the BHs are on nearly
circular orbits and ignore their eccentricity evolution at
the least for the following reasons. (1) At the dynamical
friction stage, the orbital decay of a star cluster or a sec-
ondary BH generally does not result in a highly eccentric
orbit when the two BHs become bound (Polnarev & Rees
1994). (2) If the BBH eccentricity when the two BHs be-
come bound is small (e.g., . 0.3), Quinlan (1996) shows
that the BBH eccentricity hardly grows as the BBH hard-
ens. (3) The BBH eccentricity decays quickly at the grav-
itational radiation stage (Peters & Mathews 1963; Baker
2006). (4) In kinematically anisotropic spherical systems
with stars mostly counter-rotating with the BBH orbit,
some simulations show that the BBH eccentricity could
increase significantly (Amaro-Seoane et al. 2010; Sesana
et al. 2011; Holley-Bockelmann & Khan 2015), however it
is expected that the significant increase in BBH eccentric-
ity can be decreased or erased if the systems are triaxial,
by applying the same reasoning as for the alignment-
erasing effect obtained in Cui & Yu (2014). (5) Evolu-
tion of triple or multiple BHs can result in BBHs with
extreme eccentricity; however, the contribution of those
cases to the stochastic GWB at the PTA bands is shown
to be insignificant (see the left panel of Fig. 4 in Bonetti
et al. 2018). (6) It was suggested that a significant frac-
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tion of BBHs should have extreme eccentricities close to
1 so that the strength of gravitational waves radiated by
mergers of those BBHs can be relatively low (e.g., see
Fig. 1 in Chen et al. 2016), in order to relieve the ten-
sion between the non-detection of the stochastic GWBs
and the model expectation. According to the results of
this work below, the assumption of BBHs with extreme
eccentricities are not necessarily required. In addition,
exploration on detection prospects for individual BBH
sources specifically with extreme eccentricities formed in
special conditions are beyond the scope of this work.
In the model, the evolution of the BBH orbital semi-
major axis is described by a(t) or a(τ), where a is the
orbital semimajor axis of the BBH or the separation of
the two BHs (if they are not bound, yet), t is the cos-
mic time, and τ ≡ t − t′ is the period since an event at
cosmic time t′ (e.g, galaxy merger). The BBH evolution
timescale at a given a is defined by
tevol ≡ |a/a˙|, (3)
where a˙ ≡ da/dt = da/dτ .
At the dynamical friction stage, a˙ comes mainly from
the contribution of dynamical friction, and we denote
the corresponding evolution timescale by the dynamical
friction timescale tdf . After the BBH becomes bound, if
we only include the contribution of gravitation radiation
to a˙, the corresponding evolution timescale is denoted
by tgr (see Eq. 11 below); and if we only include the
contribution of the BBH interaction with stars to a˙, the
corresponding evolution timescale is denoted by the BBH
hardening timescale th. We obtain the BBH evolution
timescale after the BBH becomes bound by
tevol = (t
−1
h + t
−1
gr )
−1. (4)
We have tevol ' th at the non-hard and the hard stages
and tevol ' tgr at the gravitational radiation stage.
2.1. Dynamical friction stage
In the dynamical friction stage, each of the BHs sinks
into the common center of the merger remnant inde-
pendently. We carry out a simple analysis of the evo-
lution timescale at the dynamical friction stage. As-
sume that a BH of mass M1 is located at the center of a
spherical galaxy with stellar mass density ρ(r) and one-
dimensional velocity dispersion σ(r). Suppose that a BH
with mass M2 that used to be at the center of a galaxy
is orbiting with a velocity v and spiraling into the center
of the parent galaxy by dynamical friction. Because the
in-spiraling BH M2 is accompanied by the stars bound
to it with total mass M2,∗, dynamical friction brings the
two BHs together much more rapidly than if M2 is naked
(Milosavljevic´ & Merritt 2001; Yu 2002). The dynamical
friction exerts on M2 and its accompanying stars M2,∗
and decelerate them at a rate given by
dv
dt
=
4piG2(M2 +M2,∗)ρ(r) ln Λ
v3
×
[
erf(X)− 2X√
pi
e−X
2
]
v, (5)
where v = |v|, X = v/(√2σ), erf is the error function,
and the logarithm of the ratio of the maximum and the
minimum impact parameter ln Λ is set to unity.
The mass of the stars bound to the secondary BH M2
can be estimated as follows. In the potential of the spher-
ical galaxy with central BH M1, the stars around the BH
M2 is tidally truncated at the radius
rt '
[
G(M2 +M2,∗)
4Ω2 − κ2
]1/3
'
[
GM2,∗
4Ω2 − κ2
]1/3
,
M2,∗ M2 (6)
where Ω and κ are the circular frequency and epicycle
frequency in the parent galaxy. If the stars surrounding
each of the BHs follow a singular isothermal distribution,
and their one-dimensional velocity dispersions σ1 and σ2,
respectively, we have Ω2 = 2σ21/r
2, κ2 = 4σ21/r
2 and
M2,∗ = 2σ22rt/G. By applying them into Equation (6),
we have rt =
σ2√
2σ1
r, and the total mass of the stars
bound to the BH M2 is given by
M2,∗(r) =
2σ22rt
G
'
√
2rσ32
Gσ1
. (7)
We follow equations (40)-(42) in Yu (2002) to obtain
the BBH evolution timescale at the dynamical friction
stage tdf .
2.2. Non-hard binary stage
The BBH orbital decay in the non-hard binary stage
comes from both dynamical friction from distant stars
and three-body interactions between the BBH and the
stars passing the BBH vicinity. As done in Yu (2002),
we apply the dynamical friction timescale tdf to estimate
the BBH hardening timescales th at the non-hard bi-
nary stage, because scattering experiments with the re-
stricted three-body approximation basically give a hard-
ening timescale similar to the application of the dynam-
ical friction timescale (Quinlan 1996).
Stars may gain energy and be removed from the galac-
tic core by interactions with the BBH. Before the BBH
becomes bound, the stellar mass removed from the galac-
tic core due to the BH orbit decay can be ignored. During
the non-hard binary stage, the depletion of the stars can
be significant in some galaxies. Before the BBH becomes
hard, if the mass of the initial stellar population in the
loss region is not sufficient, the BBH would lose energy
mainly by dynamical friction with distant stars (which
becomes more and more inefficient as the BBH hardens)
and by three-body interactions with the low-angular-
momentum stars diffused from high-angular-momentum
orbits by two-body relaxation (which will dominate the
BBH hardening timescales in the hard binary stage).
Thus the BBH hardening timescale should be higher than
those estimated from tdf and smoothly increase to con-
nect the hardening timescale in the hard binary stage.
We use the linear approximation to obtain the BBH hard-
ening timescale at ah ≤ a ≤ adp:
ln[th(a)] = ln[th(ah)] + ln[tdf(adp)/th(ah)]/ ln(adp/ah),
(8)
where adp is the semimajor axis where the initial popu-
lation of stars in the loss region are all removed from the
loss region, tdf is obtained from Section 2.1, and th(ah)
is obtained from Section 2.3.
2.3. Hard binary stage
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In the hard binary stage, the orbital decay of a BBH
is mainly driven by three-body interactions with low-
angular-momentum stars passing its vicinity. The BBH
orbital decay timescale is mainly determined by how
many stars are available to move onto low-angular-
momentum orbits and how fast they can move onto the
orbits to strongly interact with the BBH. After such
strong interactions, the stars escape with energy gain and
are considered to be cleared from the loss region. We de-
note the orbital binding energy of a star per unit mass by
E . Assuming that F (E , a)dE is the number clearing rate
from the loss region for stars with energy E → E + dE
and ∆E is the corresponding average change of the spe-
cific energy of the stars escaping from the BBH during
an interaction with the BBH, the orbital energy loss rate
of the BBH is given by∣∣∣∣dEdt (a)
∣∣∣∣ = −m∗ ∫ ∆EF (E , a)dE , (9)
where E = −GMBHµ12/2a is the orbital energy of the
BBH, µ12 = M1M2/MBH is the reduced mass of the
BBH, m∗ is the mass of a single star, and all stars are
assumed to have the same mass. The quantity ∆E is
only weakly dependent on E for hard binaries. Hence we
assume ∆E = −KGµ12/a where K is a constant which
is determined from the numerical experiment of Quin-
lan (1996). Therefore, after the BBH becomes hard, its
hardening timescale due to stellar interaction is given by
th(a) =
∣∣∣a
a˙
∣∣∣ = ∣∣∣∣EE˙
∣∣∣∣ = MBH2Km∗ 1∫ F (E , a)dE , (10)
where m∗ is the mass of a star and is assumed to be
a solar mass in this work. We obtain the clearing rate
F (E , a) by following the analysis in section 3.2 in Yu
(2002), which is affected by the size of the loss region
and the two-body relaxation processes.
2.4. Gravitational radiation stage
In the gravitational radiation stage, the evolution
timescale of the BBH is described by
tgr(a, e) =
5
64
c5a4(1− e2)7/2
G3µ12M2BH(1 + 73e2/24 + 37e4/96)
,
(11)
where e is the orbital eccentricity of the binary (Peters
1964) is set to zero in this work as argued above. The
transition from the evolution stages of the BBH interact-
ing with its surrounding environments (the hard binary
and non-hard binary stages) to the gravitational radia-
tion stage can be marked by tgr(a = agr) = th(a = agr).
At a = agr, the BBH GW frequency and the orbital pe-
riod are labeled by fgr and Pgr, respectively.
Note that a large eccentricity can not only make the
BBH enter the gravitational radiation earlier, but also
accelerate the orbital decay, and the gravitational radia-
tion energy spectrum can be correspondingly changed.
2.5. Loss region
The size of the loss region in the phase space depends
on galaxy shapes. The loss region in a spherical stellar
system is a ‘loss cone’ given by
J ≤ Jlc '
√
2GMBHfaa (12)
(fa is a dimensionless factor ∼ 1). In an axisymmetric
or triaxial system, there exist centrophilic orbits such as
box orbits, which pass arbitrarily close to the center and
have low angular momentum, as well as centrophobic or-
bits such as loop or tube orbits, which avoid the center
and have high angular momentum. We use a characteris-
tic specific angular momentum Js to mark the transition
from centrophilic (J . Js) to centrophobic (J & Js)
orbits. The loss region in an axisymmetric system can
be approximated as a ‘loss wedge’ where stars on cen-
trophilic orbits with |Jz| < Jlc can precess into the loss
cone, while those on centrophobic orbits with J > Jlc
cannot. In a triaxial system, the loss region can be ap-
proximated by J < Js in which most of the stars can
precess into the loss cone.
In this work, we obtain Js(E) by numerically simulat-
ing the motion of a star under the combined gravitational
potential of a central point mass MBH and the galactic
stars (see eq. 7 in Cui & Yu 2014). The galactic poten-
tial is spherical if it can be described in the form Φ(r)
(r = |r|) and triaxial if it can be described in the form
Φ(x2 +y2/ξ2 +z2/ζ2) (ζ < ξ < 1). If the shape distribu-
tion of host galaxies is described in mass density, we use
the following equation (which is derived for logarithmic
potentials) to approximately convert it into the shape
distribution in gravitational potentials:
qΦ =
√√√√1 +√1 + 8q2ρ
4
, (13)
where qρ represents the medium-to-major or the minor-
to-major axis ratio in the density shape, and qΦ repre-
sents the corresponding ratio in the potential shape (see
Eq. 2.72b in Binney & Tremaine 2008). If 1 − qρ  1,
we have 1− qφ ' (1− qρ)/3.
Noting that it is time-consuming to obtain Js(E) in
a large number of galaxies by numerically tracing the
motion of each star in a galaxy for a sufficiently long
time to judge whether it can move to the center on a
centrophilic orbit, we improve the judging efficiency for
a centrophilic orbit and describe the method to obtain
Js below.
In a general triaxial system, for a centrophilic orbit,
the motion of the stars can pass arbitrarily close to the
center, and the stellar orbital angular momentum will
flip its direction during the orbital motion. Numerically
we count a star as one in the loss region, if all the three
x, y, and z components of its orbital angular momentum
flipped their directions. This criterion is effective and ef-
ficient enough in practice, although in principle the stars
that change the signs of their orbital angular momentum
components are not exactly the same population of the
stars that can move to the center (on centrophilic orbits).
Given the potential of a merger remnant, we obtain the
characteristic angular momentum Js as a function of the
binding energy E . In practice, only stars in a certain
range of E have considerable importance to the three-
body interactions with a BBH. We set the boundaries
of E as [−Φ(rmax), −Φ(rmin)], where rmin = 0.1Rinfl and
rmax = 100Rinfl. For each system, we obtain Js(E) for
401 values of E equally spaced within the given range.
For each E , we use the Monte Carlo method to gener-
ate 2000 test particles whose squared angular momenta
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are uniformly distributed in [0, J2c (E)] with isotropic ve-
locity distributions, where Jc(E) is the specific angular
momentum of a circular orbit at E . We follow the evo-
lution of these test particles within the potential of the
host merger remnant, which is composed of two parts,
i.e., the potential from the BBH and the galactic poten-
tial from the host galaxy, where the potential of the BBH
is simplified as a Keplerian potential around a point mass
MBH and the galactic potential is assumed to be triax-
ial. We calculate the fraction η of the test particles that
flipped the signs of all the x, y, and z components of the
orbital angular momentum during an evolution time of
160Pc(E), where Pc(E) is the period of a circular orbit at
energy E . The characteristic angular momentum Js(E)
is then obtained by Js(E) =
√
η(E)J2c (E). The above
method to obtain Js(E) is efficient enough.
We have done some tests to show that the above
method is effective, although the stars that change the
signs of their orbital angular momentum components are
not exactly the same population stars that can move to
the center and the evolution of the orbital angular mo-
mentum of a star is traced with an evolution time of only
160Pc(E). The tests are done for the galaxies (with a
limited number ∼ 800) randomly selected from the mock
galaxy sample (with the shape distribution in Padilla &
Strauss 2008) presented in Section 4.2. In each galaxy,
the motions of 500 stars at a given E are traced for a suf-
ficiently long time (8000Pc(E)), where the two values of
E = −Ψ(10Rinfl) and −Ψ(100Rinfl) are tested. Our tests
show that the number ratios of the stars that change the
signs of their orbital angular momentum components to
the stars that can move the center is close to 1 and the
extension of the evolution time of a star does not affect
our results significantly.
As mentioned above, in a configuration close to be
axisymmetric, the loss region is approximated as a loss
wedge, and the Js(E) obtained by the above method may
be too low and is not appropriate to be taken as the Js(E)
defined in the loss wedge, as a star is recognized as being
in the loss region only if all the three x, y, and z compo-
nents of its angular momentum flipped their directions
during the orbital evolution. We estimate the size of the
loss wedge by the following criterion: a star is recognized
as being in the loss wedge if at the least one (but not all)
of the three x, y, and z components of its angular mo-
mentum flipped their directions and the remaining com-
ponents possess a combined specific angular momentum
smaller than Jlc (where a is set to GMBH/44σ
2
c in Eq. 12,
i.e., the values of ah with qBH = 0.1. We calculate the
fraction η of the stars satisfying the above conditions,
and the characteristic angular momentum Js(E) in the
loss wedge is then obtained by Js(E) = η(E)J2c (E)/(2Jlc).
Given a shape configuration of a system, we use the
above methods to numerically estimate both the size of
the loss region by applying the criterion for a general
triaxial system and the size of the loss wedge by applying
the criterion for an axisymmetric system, and the stars
in the loss wedge and in the loss region both contribute
to the stellar reservoir to have strong interactions with
the BBH.
In the model, for simplicity, we do not consider the
time evolution of galaxy shapes (e.g., rotation of a triax-
ial system or changes in axis ratios) 1 and the difference
of galaxy shapes at different galactic radii.
3. MODELING OF THE DISTRIBUTIONS OF MERGING
BBHS AND SURVIVING BBHS
3.1. Distributions of surviving BBHs
We define the distribution of surviving BBHs
by ΦBBH(MBH, qBH, a, z) (qBH ≤ 1) so that
ΦBBH(MBH, qBH, a, z)dMBHdqBHda is the comov-
ing number density of BBHs at redshift z with total
mass in the range MBH →MBH + dMBH, mass ratio in
the range qBH → qBH + dqBH, and semimajor axis (or
separation) in the range a→ a+ da.
We define the galaxy stellar mass function (GSMF)
by ngal(Mgal, z) so that ngal(Mgal, z)dMgal is the co-
moving number density of galaxies with mass in the
range Mgal → Mgal + dMgal at redshift z. We
describe the galaxy merger rate per galaxy at red-
shift z by Rgal(qgal, z|Mgal) (qgal ≤ 1) so that
Rgal(qgal, z|Mgal)dqgaldt represents the average number
of galaxy mergers with mass ratio in the range qgal →
qgal + dqgal within time t → t + dt for a descendant
galaxy with mass Mgal, where t is the corresponding
cosmic time at redshift z. Similarly as the above def-
inition for galaxies, we also define the corresponding
variables for the spheroidal components of merging rem-
nants. (which are also called “bulge” for simplicity and
denoted by the subscript ∗ below), i.e, the stellar mass
function n∗(M∗, z), the merger rate per spheroidal com-
ponent R∗(q∗, z|M∗), and the mass ratio q∗. For major
mergers, we assume that galaxy mergers form spheroids
characterized by mass M∗ = Mgal and merger mass ra-
tio q∗ = qgal. For minor mergers, the secondary galaxy is
assumed to be accreted onto the spheroidal component
of the primary galaxy, and the mass of the spheroidal
component of the merging remnant is assumed to be the
sum of the stellar masses in the secondary galaxy and in
the spheroidal component of the primary galaxy, and the
merger mass ratio q∗ is their mass ratio.
We connect the BBH distribution function with the
1 Some possible effects of the changes in axis ratios can be partly
inferred from this work done by adopting three different sets of the
galaxy triaxial shape distributions and comparing their results. Re-
garding the rotation of a triaxial system, the characteristic rotating
pattern timescale is generally much longer than one orbital period
of a star with the relevant energy, but it can be shorter than the
timescale of the star on a centrophilic orbit to precess into the loss
cone. The assumption of ignoring the shape rotation is plausible
and does not affect the above estimate of Js much if the stellar cen-
trophilic orbits in the triaxial system are mostly stochastic (which
generally have relatively large apocenter distances and low E; cf.
the right panel in Figure 4 of Magorrian & Tremaine 1999). The
shape rotation may affect the above estimate of Js if the precessions
of the stellar orbits into the loss cone are regular, which needs a
further detailed complement for its statistical effect; nevertheless,
an extreme case of fast rotation of a triaxial system would result in
the dynamical effects partly close to those in axisymmetric systems,
and the effects in axisymmetric systems can be partly seen from the
results obtained from one of the three observational galaxy shape
distribution adopted in this work (i.e., Weijmans et al. 2014, which
prefers the axisymmetric shape configurations).
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galaxy merger rate by the following equations:
ΦBBH(MBH, qBH, a, z)
=
∫ t
0
dt′
∫
dM∗
∫
dq∗n∗(M∗, z′)R∗(q∗, z′|M∗)
× pBH(MBH, qBH|M∗, q∗, z′)
× pa(a, t− t′|M∗, q∗,MBH, qBH, z′)
× P intact(z, z′|M∗) (14)
and
n∗(M∗, z′)R∗(q∗, z′|M∗)
=
∫
dMgal
∫
dqgalngal(Mgal, z
′)Rgal(qgal, z′|Mgal)
× p∗(M∗, q∗|Mgal, qgal, z′) (15)
where pBH(MBH, qBH|Mgal, qgal, z′) is
a probability function defined so that
pBH(MBH, qBH|M∗, q∗, z′)dMBHdqBH represents the
probability that a galaxy merger characterized by
the bulge mass of the merging remnant M∗ and
mass ratio q∗ at redshift z′ leads to a BBH with
total mass in the range MBH → MBH + dMBH
and mass ratio in the range qBH → qBH + dqBH,
pa(a, τ |M∗, q∗,MBH, qBH, z′) is a probability function
defined so that pa(a, τ |M∗, q∗,MBH, qBH, z′)da repre-
sents the probability that the galaxy merger leads to a
BBH with semimajor axis in the range a → a + da at a
time τ after the galaxy merger, p∗(M∗, q∗|Mgal, qgal, z′)
is the probability that a galaxy merger with total
mass Mgal and mass ratio qgal at redshift z
′ results
in the merging remnants characterized by M∗ and q∗,
and
∫ ∫
pBH(MBH, qBH|M∗, q∗, z′)dMBHdqBH = 1,∫
pa(a, τ |M∗, q∗,MBH, qBH, z′)da = 1, and∫ ∫
p∗(M∗, q∗|Mgal, qgal, z′)dMgaldqgal = 1. The
distributions of pBH and p∗ depend on BH demography
and galaxy demography, and the distribution of pa
depends on the distribution of the intrinsic structure
of galaxies. As to be seen below, the BBH mergers
contributing to the GWB comes mainly from redshift
z . 2. The distribution of the intrinsic structure of
galaxies and BH demography used in this work are
mainly based on observations in the nearby universe,
and we assume that they are independent of redshift at
low redshift z . 2 and then distributions of pBH and pa
are independent of redshift in this work. The function
pa is obtained by assuming that the BBH evolves inde-
pendently inside the merging galaxy remnant and that
no other later galaxy mergers affect the BBH evolution.
However, before the BBH reaches the gravitational
radiation stage, it is possible that the host merger
remnant undergoes a big impact, that is, a major merger
with another galaxy or being accreted by another bigger
galaxy to become a satellite galaxy in this work; in these
cases the interactions of triple or multiple MBHs may
lead to quick BBH coalescence or BH kicks out of the
host merger remnant. The function P intact(z, z
′|M∗)
(z < z′) is introduced in Equation (14) to represent
the probability that the host merger remnant M∗ does
not experience such big impacts from redshift z′ to
z. The detailed method to obtain P intact(z, z
′|M∗) is
described in Section 3.4. In this work, the effects of the
big impacts (e.g., on the surviving BBH distributions,
BBH coalescence rates, GWBs; see also Eqs. 21 and 31
below) are included by removing a corresponding BBH
system from consideration if it experiences a big impact
during its evolution, and we neglect the contribution
from possibly newly formed BBHs caused by triple or
multiple BH interactions.
As to be shown below, we use Monte-Carlo simula-
tions to generate galaxy mergers and calculate the BBH
evolution in the galaxy mergers. Suppose that we have
N galaxy mergers with parameters (M∗, q∗) leading to
the formation of BBHs with parameters (MBH, qBH) and
semimajor axis ai|M∗,q∗,MBH,qBH(τ) (i = 1, 2, ..., N) at a
time τ after the galaxy mergers. The probability func-
tion pa(a, τ |M∗, q∗,MBH, qBH) can be obtained by
pa(a, τ |M∗, q∗,MBH, qBH)
=
1
N
N∑
i=1
δ[a− ai|M∗,q∗,MBH,qBH(τ)]. (16)
By applying Equation (16) into Equation (14), we have
ΦBBH(MBH, qBH, a, z)
=
1
N
N∑
i=1
∫
dM∗
∫
dq∗n∗(M∗, zi)R∗(q∗, zi|M∗)
× pBH(MBH, qBH|M∗, q∗, zi)H(t− τa,i) tevol,i
a
× P intact(z, zi|M∗), (17)
where
tevol,i = a
∣∣∣∣dai|M∗,q∗,MBH,qBHdτ
∣∣∣∣−1
τ=τa,i|M∗,q∗,MBH,qBH
, (18)
is the BBH evolution timescale at a (see Eq. 3),
τa,i|M∗,q∗,MBH,qBH is the solution of equation
ai|M∗,q∗,MBH,qBH(τ) = a, H(t − τa,i) is a step func-
tion defined by H(t − τa,i) = 1 if t > τa,i and
H(t − τa,i) = 0 if t ≤ τa,i, and zi is the corresponding
redshift of cosmic time t− τa,i.
In a simplified or extreme case, if
pBH(MBH, qBH|M∗, q∗, z) = δ(MBH−A ·M∗)δ(qBH−q∗)
with A being a constant, and the BBH evolution ai(τ)
(i = 1, ..., N) is the same for the same (M∗, q∗),
Equation (17) is simplified as
ΦBBH(MBH, qBH, a, z(t))
=A−1H(t− τa)a−1tevol · n∗(M∗ = A−1MBH, z(t− τa))
×R∗(q∗ = qBH, z(t− τa)|M∗ = A−1MBH)
× P intact(z(t), z(t− τa)|M∗ = A−1MBH). (19)
3.2. BBH coalescence rates
We define the BBH coalescence rate RBH(MBH, qBH, z)
so that RBH(MBH, qBH, z)dMBHdqBHdt represents the
comoving number density of the BBH coalescence events
occurring during cosmic time t → t + dt and with
the total mass of the two coalescing BHs in the range
MBH →MBH +dMBH and their mass ratio in the range
qBH → qBH + dqBH. The BBH coalescence rate can be
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obtained by
RBH(MBH, qBH, z(t))
=
d
dt
[∫ t
0
dt′
∫
dM∗
∫
dq∗n∗(M∗, z′)R∗(q∗, z′|M∗)
× pBH(MBH, qBH|M∗, q∗, z′)
× f coal(t− t′|M∗, q∗,MBH, qBH, z′)
]
, (20)
where f coal(τ |M∗, q∗,MBH, qBH, z′) represents the frac-
tion of the BBHs that can coalesce before cosmic time
t′ + τ among those BBHs with parameters (MBH, qBH)
caused by galaxy mergers with parameters (M∗, q∗) oc-
curring at redshift z′. The fraction of f coal can be ob-
tained by
f coal(τ |M∗, q∗,MBH, qBH, z′)
=
1
N
N∑
i=1
[
H(τ − τa=0,i|M∗,q∗,MBH,qBH)
× P intact
(
z(t′ + τa=0,i|M∗,q∗,MBH,qBH), z
′|M∗
)]
, (21)
where the term P intact removes the contribution of a
BBH system if it experiences a big impact before its ex-
pected coalescence time t′ + τa=0 obtained by assuming
it evolves independently.
Applying Equation (21) into Equation (20) gives
RBH(MBH, qBH, z(t))
=
1
N
N∑
i=1
∫
dM∗
∫
dq∗n∗(M∗, zi)R∗(q∗, zi|M∗)
× pBH(MBH, qBH|M∗, q∗, zi)H(t− τa=0,i)
× P intact(z(t), zi|M∗), (22)
where zi is the redshift at cosmic time t− τa=0,i.
In the extreme case used for Equation (19), if τa=0 < t,
Equation (22) is simplified as
RBH(MBH, qBH, z(t))
=A−1n∗(M∗ = A−1MBH, z(t− τa=0))
×R∗(q∗ = qBH, z(t− τa=0)|M∗ = A−1MBH)
× P intact(z(t), z(t− τa=0)|M∗ = A−1MBH). (23)
The above equation can be further simplified in the fol-
lowing two cases.
• For sufficiently small a, the difference of ngal and
Rgal (or n∗ and R∗) at different redshifts z(t− τa)
and z(t−τa=0) is negligible, and applying Equation
(23) into Equation (19) gives
ΦBBH(MBH, qBH, a, z) = RBH(MBH, qBH, z)|da/dt|.
(24)
• If the BBH coalescence occurs immediately after
a galaxy merger (i.e., τa ∼ 0), Equation (23) is
simplified as
RBH(MBH, qBH, z)
'A−1n∗(M∗ = A−1MBH, z)
×R∗(q∗ = qBH, z|M∗ = A−1MBH), (25)
and the BBH coalescence rate can be approxi-
mately obtained from the galaxy merger rate at
the same redshift.
3.3. Stochastic gravitational-wave background
We denote the total present-day energy density in grav-
itational radiation by Egw, which can be expressed by
Egw ≡
∫
pi
4
c2
G
f2h2c(f)d ln f, (26)
where c is the speed of light, G is the gravitational con-
stant, f is the frequency of gravitational waves observed
today on earth, and hc is the characteristic strain ampli-
tude of the GW spectrum over a logarithmic frequency
interval (Phinney 2001).
The present-day GW energy density can be obtained
by an integration over the contribution from the GW ra-
diation sources (BBHs in this work) in the cosmic history
as follows,
Egw =
∫
dzdMBHdqBHda
∣∣∣∣ dtdz
∣∣∣∣
× ΦBBH(MBH, qBH, a, z) · 1
1 + z
·
∣∣∣∣ Etgr
∣∣∣∣ (27)
where fr is the frequency of the GW signal in the source’s
cosmic rest frame and is related with f through fr =
f(1 + z),
∣∣∣ Etgr ∣∣∣ is the GW energy per unit time radiated
by an in-spiraling BBH with parameters (MBH, qBH, a)
(see the definition of tgr in Eq. 11), and the term
1
1+z
accounts for the redshift of the GWs since emission.
During the in-spiral, the frequency of the GW signal
is twice the Keplerian orbital frequency of the BBH and
increases monotonically till the final coalescence and can
be estimated by
f ' 3.4× 10−9
(
MBH
108M
)1/2(
a
10−2 pc
)−3/2
Hz. (28)
The upper limit of f when the circular in-spiral assump-
tion in Equation (32) is valid can be roughly estimated
by twice of the Keplerian orbital frequency at the inner-
most stable circular orbit (ISCO) for a Schwarzschild BH
with mass the same as the total mass of the BBH, that
is,
f ' fISCO ' 2.2× 10−5
(
MBH
108M
)−1
Hz. (29)
The above upper limit for BBHs is safely outside the
frequency band probed by PTAs.
From Equations (26)-(27) and (17), we can estimate
the overall strain amplitude of the expected stochastic
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GWB from BBHs by
pi
4
c2
G
f2h2c(f)
=
∫
dzdMBHdqBH
∣∣∣∣ dtdz
∣∣∣∣ · ΦBBH(MBH, qBH, a, z)
×
∣∣∣∣ dad ln fr
∣∣∣∣ · 11 + z ·
∣∣∣∣ Etgr
∣∣∣∣ (30)
=
∫
dzdMBHdqBH
∣∣∣∣ dtdz
∣∣∣∣
× 1
N
N∑
i=1
∫
dM∗
∫
dq∗n∗(M∗, zi)R∗(q∗, zi|M∗)
× pBH(MBH, qBH|M∗, q∗, zi)H(t− τa,i)
× P intact(z, zi|M∗)
× (piG)
2/3
3
M5/3f2/3(1 + z)−1/3 · tevol,i
tgr
(31)
where zi is the corresponding redshift of cosmic time t−
τa,i,M is the chirp mass of the BBH defined byM5/3 ≡
M1M2(M1 +M2)
−1/3, t−1evol,i = t
−1
h,i + t
−1
gr , and∣∣∣∣Ea · dad ln fr
∣∣∣∣ = ∣∣∣∣ dEd ln fr
∣∣∣∣ = (piG)2/33 M5/3f2/3r (32)
is used.
For sufficiently high f , the difference of ngal and Rgal
(or n∗ and R∗) at different redshifts z(t− τa) and z(t−
τa=0) is negligible; and in this case, applying Equation
(22) into Equation (31) gives
pi
4
c2
G
f2h2c(f)
'
∫
dzdMBHdqBH
∣∣∣∣ dtdz
∣∣∣∣RBH(MBH, qBH, z)
× (piG)
2/3
3
M5/3f2/3(1 + z)−1/3 ·
〈
tevol,i
tgr
〉
. (33)
where〈
tevol,i
tgr
〉
≡ 1
N
N∑
i=1
∫
dM∗
∫
dq∗n∗(M∗, zi)R∗(q∗, zi|M∗)
× pBH(MBH, qBH|M∗, q∗, zi)H(t− τa,i) · tevol,i
tgr
×R−1BH(MBH, qBH, z). (34)
If tgr  th,i (i = 1, 2, ...N), we have tevol,i/tgr ' 1,
〈tevol,i/tgr〉 ' 1, and hc ∝ f−2/3; and if tgr  th,i
and th,i ∝ aαa (where the power law αa is a constant,
i = 1, 2, ...N), we have 〈tevol,i/tgr〉 ∝ f2(4−αa)/3 and
hc ∝ fαh with αh = (2− αa)/3.
3.4. Multiple galaxy mergers during the evolution of a
BBH
In this subsection, we present a rough way on how to
obtain the function P intact(z, z
′|M∗) shown in Equation
(14), the probability that the host merger remnant M∗
does not experience big impacts (including major merg-
ers with other galaxies and mergers with bigger galaxies)
from redshift z′ to z.
We define the progenitor galaxy merger rate per
galaxy at redshift z by Rprog(Mgal,2, z|Mgal,1) so that
Rprog(Mgal,2, z|Mgal,1)dMgal,2dt represents the average
number of mergers of a galaxy with mass Mgal,1 under-
going with a second galaxy with mass within Mgal,2 →
Mgal,2 +dMgal,2 during time t→ t+dt. We define µgal ≡
Mgal,2/Mgal,1, and thus qgal(≤ 1) = min(µgal, 1/µgal).
The function Rprog(Mgal,2, z|Mgal,1) can be obtained
from the GSMF ngal(Mgal, z) and the descendant galaxy
merger rate Rgal(qgal, z|Mgal) (see their definitions in
Section 3.1) through the following equation on the num-
ber of the galaxy merger events per unit comoving vol-
ume:
Rprog(Mgal,2, z|Mgal,1)dMgal,2dt · ngal(Mgal,1, z)dMgal,1
=
1
2
Rgal(qgal, z|Mgal)dqgaldt · ngal(Mgal, z)dMgal, (35)
where Mgal = Mgal,1 + Mgal,2, and the factor of 1/2 ac-
counts for the symmetry between Mgal,1 and Mgal,2 in
the definition of the progenitor merger rate; and thus we
have
Rprog(Mgal,2, z|Mgal,1)
=
1
2
ngal(Mgal, z)
ngal(Mgal,1, z)
Rgal(qgal, z|Mgal)
∣∣∣∣ ∂(Mgal, qgal)∂(Mgal,1,Mgal,2)
∣∣∣∣ ,
(36)
where |∂(Mgal, qgal)/∂(Mgal,1,Mgal,2)| = (1 +
qgal)
2/Mgal. The average number of big impacts
that a host merger remnant with mass Mgal,1 is
expected to go through between redshifts z and z′
(z′ > z)is given by
I(z, z′|Mgal,1) =
∫ z′
z
∫ ∞
qmajor
Rprog(Mgal,2, z′′|Mgal,1)
×
∣∣∣∣dMgal,2dµgal
∣∣∣∣ · ∣∣∣∣dt(z′′)dz′′
∣∣∣∣ dµgaldz′′, (37)
where qmajor is the lower limit of the mass ratios for ma-
jor mergers, and |dMgal,2/dµgal| = Mgal,1. The probabil-
ity that the host merger remnant keeps intact between
redshifts z and z′, P intact(z, z′|Mgal,1) can be given by
P intact(z, z
′|Mgal,1)
= [1− I(z, z′|Mgal,1)]H(1− I(z, z′|Mgal,1)), (38)
which is reduced to 1 if I(z, z′|Mgal,1) = 0 and 0 if
I(z, z′|Mgal,1) > 1.
For major mergers of galaxies, whose merging rem-
nants are spheroids, the term P intact(z, z
′|M∗) in Equa-
tion (14) can be obtained by replacing Mgal,1 directly
with M∗ in the function P intact(z, z′|Mgal,1) obtained in
Equation (14). For minor mergers of galaxies, we also do
this replacement, which is a rough approximation and
deserves further improvements.
4. GALAXY DISTRIBUTIONS, SMBH DEMOGRAPHY, AND
GALAXY MERGER RATES
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In this section, we present the galaxy samples, the re-
alistic galaxy distributions, the galaxy merger rates, and
the BH-host galaxy relations used in the model. We also
describe the BBH evolution tracks obtained with those
distributions.
We generally use a ΛCDM cosmology model with
parameters Ωm = 0.307, ΩΛ = 0.693, h = 0.678,
σ8 = 0.823, and nS = 0.96 (Planck Collaboration et
al. 2016). The results of some previous works adopted
by our model may have some differences in their used
cosmological models. For example, the GSMF adopted
from Behroozi et al. (2019) is obtained with a cosmol-
ogy model with parameters as mentioned above, and
the galaxy merger rates adopted from Rodriguez-Gomez
et al. (2015) is obtained with a cosmology model with
parameters Ωm = 0.2726, ΩΛ = 0.7274, h = 0.704,
σ8 = 0.809, and nS = 0.963 (Hinshaw et al. 2013). In
this work, it is plausible to assume the differences in our
conclusions caused by the different versions of the cos-
mological models are negligible. We use the results from
the previous works directly without doing conversion be-
tween the different cosmological models, except that they
are converted to the values with h = 0.678.
4.1. Observational galaxy surface brightness and triaxial
shape distributions
To model the dynamics of BBHs inside galaxy merger
remnants, the stellar density distributions of the host
remnants are needed. To construct a sample of host
galaxy merger remnants with a realistic stellar distri-
bution, we use the early-type galaxies obtained in the
ATLAS3D survey (Cappellari et al. 2011) and in Lauer
et al. (2007a), both of which have high spatial resolution
HST (Hubble Space Telescope) imaging to detect the
inner part of the stellar surface brightness distributions,
as described in Section 4.1.1. Regarding the intrinsic
triaxial shape distributions of galaxies, we use the obser-
vational results summarized from the ATLAS3D survey
and the Sloan Digital Sky Survey (SDSS), as described
in Section 4.1.2.
4.1.1. Observational galaxy surface brightness distributions
The ATLAS3D survey is based on a volume-limited
sample of nearby (. 42 Mpc) early-type galaxies, with
multi-band imaging as well as two-dimensional bulk kine-
matic information as derived from the optical integral-
field spectroscopy. Among these early-type galaxies, 135
were found to have HST archive data (Krajnovic´ et al.
2013). In the compilation of Krajnovic´ et al. (2013),
13 galaxies show strong dust features in the nuclei and
are thus excluded from the analysis. The surface bright-
ness of the remaining 122 galaxies, which are observed
by HST surveys are all converted to the F555W band
(broad-band V ), in order to make comparison with previ-
ous studies. The “Nuker law” profile (Lauer et al. 1995)
is used to fit the surface brightness of these galaxies, i.e.,
I(R) = 2
β−γ
α Ib
(
R
Rb
)−γ [
1 +
(
R
Rb
)α] γ−βα
, (39)
where Ib is the surface brightness at the break radius Rb,
γ and β are the asymptotic inner and outer slopes of the
surface brightness profile, respectively, and α parameter-
izes the sharpness of the break. Cappellari et al. (2013)
provides the mass-to-light ratio M/L in the r band for
the ATLAS3D galaxies. which is obtained by the best-
fitting self-consistent Jeans Anisotropic Multi-Gaussian
Expansion model. Note that the five Nuker-law param-
eters are obtained in the V band, whereas the above
mass-to-light ratios are obtained in the SDSS r band.
We convert the M/L from the r band to the V band as
follows, based on the magnitude differences in the two
bands. Cappellari et al. (2013) provides the total SDSS
r-band luminosities for these galaxies. Among the 122
ATLAS3D galaxies adopted in our study, 53 have the V -
band apparent magnitudes and all of them have the B-
band apparent magnitudes. For the 66 galaxies without
the V -band magnitudes but with the SDSS ugriz ones,
we convert their B-band apparent magnitudes to the V -
band ones, based on one empirical equation, B − V =
0.90(g−r)+0.21 listed in http://www.sdss3.org/dr8/
algorithms/sdssUBVRITransform.php (see also Jester
et al. 2005). For the remaining 3 galaxies without the
V -band and the SDSS g- and r-band magnitudes, we
do the conversion by B − V = 0.95 (e.g., Lauer et al.
2007a). The absolute magnitudes MV can be converted
from their apparent magnitudes, given the distances and
the extinctions of these galaxies (listed in Table 3 of
Cappellari et al. 2011), by assuming the extinction ra-
tio AB/AV = 1.324 (Table 3.21 in Binney & Merrifield
1998).
Lauer et al. (2007a) provide the “Nuker law” param-
eters Rb, µb, α, β, and γ together with some other pa-
rameters for a sample of 219 galaxies, which are compiled
from several HST investigations of the central structure
of early-type galaxies. The mass-to-light ratio of these
galaxies can be estimated according to the following em-
pirical galaxy scaling relation in the V-band (Magorrian
et al. 1998):
(M/L)V
(M/L)
= 4.9
(
LV
1010L
)0.18
, (40)
where LV is the galaxy luminosity in the V-band.
In Figure 1, we show the ATLAS3D galaxy sample
(blue) and the Lauer et al. (2007a) sample (red) in the
six-dimensional parameter space composed of the five
“Nuker law” parameters (i.e., break radius Rb, surface
brightness at break radius µb, α, β, γ) and the mass-
to-light ratio M/L in the V band. In the figure, the
mass-to-light ratios of the Lauer et al. (2007a) sample
are estimated by Equation (40). There are 61 common
galaxies in the two samples, and the fit parameters of the
same galaxies may be different in the two samples, which
are all shown in Figure 1.
4.1.2. Observational galaxy triaxial shape distributions
The triaxial shape of a galaxy can be characterized
by the two parameters, i.e., the medium-to-major axis
ratio b/a and the minor-to-major axis ratio c/a, where
a, b, and c represent the major, the medium, and the
minor axis of an iso-density layer of the galaxy, re-
spectively. The triaxial shape can also be described
by an equivalent set of parameters i.e., the triaxiality
T ≡ (a2 − b2)/(a2 − c2) and the minor-to-major axis
ratio c/a. The general triaxial description can be re-
duced to the following special cases: spherical shape with
b/a = c/a = 1, oblate spheroid with c/a < b/a = 1, and
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prolate spheroid with c/a = b/a < 1.
In the left panel of Figure 2, we show the shape dis-
tributions of early-type galaxies obtained from observa-
tions. The results obtained from the photometric study
in the SDSS indicate that early-type galaxies are better
described by triaxial shapes than by purely spheroidal
shapes. As shown in the figure, the green plus symbol
marks the possible range of the mean medium-to-major
and minor-to-major axis ratios of the early-type galax-
ies in the SDSS DR3 data set (Vincent & Ryden 2005).
The blue and red contours indicate the two-dimensional
axis ratio distribution of early-type galaxies in the SDSS
DR6 data set (Padilla & Strauss 2008) and the SDSS
DR8 data set (Rodr´ıguez & Padilla 2013), respectively.
The results obtained from the ATLAS3D galaxy sample,
where both the photometric and the bulk kinematic in-
formation are used, show that early-type galaxies can
be classified by fast- and slow-rotators (Emsellem et
al. 2007; Krajnovic´ et al. 2011). The magenta color-
bar marks the mean and the standard deviation of the
minor-to-major axis ratios for a nearly oblate fast-rotator
galaxy sample from the ATLAS3D galaxy survey, ob-
tained through a triaxial configuration fitting (Weijmans
et al. 2014) (where the mean values of c/a and ln(1−b/a)
are 0.33 and −5.0, respectively, and their standard de-
viations are 0.11 and 0.08, respectively). The shape pa-
rameters cannot be well constrained for the slow-rotator
galaxies, due to the limited sample size and the lack of
a clearly defined projected rotation axis in many of the
systems.
We will apply the different shape distributions to our
study and see how different the results are affected by
them.
4.2. Mock galaxy sample
As the observational sample size shown in Figure 1
is small, we construct a mock galaxy sample with a
larger size for the statistical study of the BBH evo-
lution in galaxies with realistic property distributions.
The mock galaxy sample is generated based on all the
galaxies shown in Figure 1 and follow the statistical
distributions of their properties. For each galaxy in
the mock galaxy sample, we first select a galaxy, e.g.,
galaxy i with parameters {logRib, µib, αi, βi, γi,M/Li},
randomly from Figure 1, then add small scatters
{δ logRib, δµib, δαi, δβi, δγi, δM/Li} to the corresponding
parameters and assign the new parameter set to the
galaxy. All of the scatters are assumed to follow Gaus-
sian distributions with zero means, and their standard
deviations are assumed to be σlogRb = 0.2, σµb = 0.4,
σα = 1.0, σβ = 0.2, σγ = 0.2, and σM/L = 2.0. None
of those assumed standard deviations are larger than
the standard deviations of the corresponding parameters
of all the observational points shown in Figure 1. We
delete those systems generated with unphysical β < 0 or
M/L < 0. It is likely that some generated parameters
lead to extreme systems, but they are rare and do not
affect our results statistically.
Our calculations show that the detailed results are not
sensitive to the exact values of the boundaries. Thus, a
mock sample with a size of ∼ 107 galaxies is generated
in our study (see details in Section 4.5).
The generation of the scatters in observational param-
eters and the large number of the mock galaxy sample
will make the statistical results obtained from our Monte
Carlo study appear smooth. If the standard deviations
assigned to the parameter set are too small, the param-
eters of the mock galaxy sample will cluster around the
points shown in Figure 1 and the application of the mock
sample will result in significant discreteness or disconti-
nuity in the statistical results (e.g., the curves of the
surviving BBH distributions shown below). If the stan-
dard deviations are too large, some intrinsic cross correla-
tions among the parameters of the observational galaxies
shown in Figure 1 will be lost significantly in the mock
sample. The values of the standard deviations in our
mock sample are roughly chosen to be as small as possi-
ble to make our statistical results smooth and keep the
correlations originally existing in the observational sam-
ple as much as possible.
Given a galaxy in the Mock galaxy sample with param-
eters {logRb, µb, α, β, γ,M/L}, the stellar density distri-
bution within the galaxy can be determined as done by
Equations (48)-(49) in Section 5.1 in Yu (2002).
The triaxial shape of a galaxy in the mock sample is
generated randomly from the observational galaxy triax-
ial shape distribution described in Section 4.1.2, with-
out considering the possible dependence of the galaxy
shapes on galaxy properties, such as galaxy masses. In
this work, we explore three sets of galaxy shape distribu-
tions presented in Padilla & Strauss (2008), Rodr´ıguez &
Padilla (2013), and Weijmans et al. (2014), respectively.
4.3. GSMFs and galaxy merger rates
As shown by Equation (14) in Section 3, the GSMFs,
and the galaxy merger rates are needed to model the
BBH populations. We present the GSMFs and the
galaxy merger rates in Section 4.3.1 and 4.3.2, respec-
tively.
4.3.1. Galaxy stellar mass functions
The GSMFs can be obtained from either observations
(e.g., see Bernardi et al. 2013; Muzzin et al. 2013; Ilbert
et al. 2013; Tomczak et al. 2014; Kelvin et al. 2014) or
hydrodynamical simulations (e.g., see Torrey et al. 2015;
Lim et al. 2017).
In the left panel of Figure 3, we show the observa-
tional GSMFs obtained at several discrete redshifts. In
the right panel of Figure 3, we show the GSMF used in
this work, which is obtained from Behroozi et al. (2019)
and derived by matching their model to a compilation
of different observational results and constraining the
galaxy growth history inside DM haloes. The GSMF
in Behroozi et al. (2019) extends from z ∼ 0 to high red-
shifts up to z ∼ 10 in sufficiently dense redshift space,
and we illustrate them only at several redshifts in the
figure. The observational results obtained from Ilbert et
al. (2013) are also shown in this panel for comparison.
We also illustrate the GSMF evaluated from the Illustris
simulation (Vogelsberger et al. 2014), by adopting the
fitting formula and the best-fitting parameters from Tor-
rey et al. (2015), which appears to be relatively higher at
both the low-mass (i.e., . 1010M) and the high-mass
(i.e., & 1011M) ends than the observational ones. The
differences in the results caused by the difference in the
GSMFs will be discussed in Section 6.
4.3.2. Galaxy merger rates
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The galaxy merger rates can be evaluated from dif-
ferent ways including observations, numerical simula-
tions, semi-analytical models, and semi-empirical meth-
ods (Hopkins et al. 2010a).
Observationally, it is usually determined by divid-
ing the fraction of merging galaxies by a characteris-
tic merger timescale, i.e., the fractional merger rate.
The fraction of merging galaxies is usually determined
through either close-pair counts or galaxy morphological
disturbance. The characteristic merger timescale, which
is usually called merger-averaged observability time, can
be calibrated by hydrodynamic simulations of galaxy
mergers (Lotz et al. 2008, 2010, 2011; Snyder et al. 2017)
or cosmological dark matter halo N -body simulations
(Kitzbichler & White 2008). For example, the fractional
major merger rate of galaxies with total mass greater
than Mgal at redshift z can be defined by
R(> Mgal, z) ≡ fmrg(> Mgal, z)〈Tmrg〉 =
Cmrgfpair(> Mgal, z)
〈Tmrg〉 .
(41)
Here major mergers mean that the mass ratio of the two
galaxies qgal is greater than a value qmajor, such as 1/3
or 1/4. In Equation (41), fmrg represents the fraction of
galaxies undergoing merging processes, which is the frac-
tion of galaxies in close pairs fpair multiplied by a factor
Cmrg describing the probability of an observed close pair
that will merge within a given time, e.g., ∼ 0.6 in Lotz
et al. (2011), and 〈Tmrg〉 is the merger-averaged observ-
ability time.
Alternatively, given the GSMF ngal(Mgal, z) and the
galaxy merger rate per galaxy Rgal(qgal, z|Mgal) as de-
fined in Section 3.1, the fractional major merger rate can
be obtained by
R(> Mgal, z) =∫∞
Mgal
dMgalngal(Mgal,z)
∫ 1
qmajor
Rgal(qgal,z|Mgal)dqgal∫∞
Mgal
ngal(Mgal,z)dMgal
, (42)
where qmajor = 1/4. In this work, we adopt the galaxy
merger rate from the Illustris simulation (Rodriguez-
Gomez et al. 2015) (see Table 1 therein), where a sim-
ple formula is provided to describe the merger rate as
a function of progenitor stellar mass ratio, descendant
total stellar mass, and redshift.
We illustrate the fractional galaxy merger rates ob-
tained from both the Illustris simulation and observa-
tions in Figure 4. To obtain galaxy merger rate from
observations, the merger timescale 〈Tmrg〉 used in Equa-
tion (41) is obtained from numerical simulations. Below
we list several examples.
• Based on virtual galaxy catalogues derived
from the Millennium Simulation (Springel 2005),
Kitzbichler & White (2008) calibrate the average
observability timescale for galaxies in close pairs
within a projected separation of rp as
〈Tmrg〉 = 2.2 Gyr
(
rp
50 kpc
)
×
(
Mgal
4×1010h−1M
)−0.3 (
1 + z8
)
, (43)
where this timescale is for close pairs with relative
radial velocity < 300 km s−1. For those close pairs
without the radial velocity difference constraint,
the normalization of the observability timescale is
increased by a factor of ∼ 1.5. In Equation (43),
the dependences of 〈Tmrg〉 on the total mass Mgal
and redshift z are both relatively weak.
• Lotz et al. (2008) and Lotz et al. (2010) con-
duct a series of hydrodynamic simulations of galaxy
mergers with different mass ratios and orbital pa-
rameters to determine their average observability
timescale. Based on these results, in Lotz et al.
(2011), the distributions of baryonic gas fraction
and mass ratio, as well as their redshift evolutions
from cosmological-scale galaxy evolution models
are adopted to obtain the average observability
timescale for candidate galaxy mergers identified
based on either close-pair counts or morphology
disturbance. By fitting the results of Lotz et al.
(2011), 〈Tmrg〉 is estimated to be 0.3 Gyr for a pro-
jected separation of < 20 kpc; given that the can-
didates are selected by their masses (& 1010M,
according to Xu et al. 2012), and thus we have
〈Tmrg〉 = 0.3 Gyr
(
rp
20 kpc
)
(
Mgal
4×1010h−1M
)−0.3 (
1 + z8
)
, (44)
where the dependences on the total mass Mgal
and redshift z are adopted as those in Kitzbich-
ler & White (2008) because the study in Lotz et
al. (2011) does not provide the dependence. The
timescale shown in Equation (44) is a factor of ∼3
smaller than that of Equation (43).
• By comparing the synthetic close-pair catalogue
with the intrinsic galaxy merger rate in the Illus-
tris Simulations (up to redshift z ∼ 3), Snyder et
al. (2017) conclude that the averaged observability
time incorporating Cmrg (i.e., 〈Tmrg〉/Cmrg) is a
strong function of redshift, that is
〈Tmrg〉/Cmrg ' 2.4× (1 + z)−2 Gyr. (45)
In the upper panel of Figure 4, we show the observa-
tional close-pair fractions at different redshifts and dif-
ferent galaxy mass ranges. In the lower panel of Figure 4,
we show the fractional galaxy merger rates obtained
from the numerical simulations in Rodriguez-Gomez et
al. (2015), and the observational ones converted by using
Equation (41) and Equation (45). We also convert the
fractional galaxy merger rates obtained from the numer-
ical simulations in Rodriguez-Gomez et al. (2015) to the
close-pair fractions by using Equation (41) and Equation
(45) and show them in the upper panel. As seen from
the figure, the fractional galaxy merger rates obtained
from the Illustris simulation in Rodriguez-Gomez et al.
(2015) is close to the observational one converted by us-
ing Equation (45) (which evolves with redshift strongly).
However, if the merger timescale depends weakly on red-
shifts as shown in Equation (44) or (43), the galaxy
merger rates of Rodriguez-Gomez et al. (2015) will be
much higher than those converted from observations at
high redshifts z & 2.
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4.4. BH–host galaxy relations
As shown by the modeling of the BBH popu-
lation in Equation (14) in Section 3, besides the
GSMFs and the galaxy merger rates, the BH–host
galaxy relation is also needed to determine the
probability function pBH(MBH, qBH|Mgal, qgal, z) and
p∗(M∗, q∗|Mgal, qgal, z).
The determination of the BH–host galaxy relation is
composed of the two parts: the relation between the
MBH mass and the physical property of the hot com-
ponent of a galaxy (i.e., either an elliptical galaxy or the
bulge of a spiral or S0 galaxy), and the relation (e.g.,
mass ratio) between the physical properties of the hot
component and the total component of a galaxy. Here
the two parts are simply called as the BH–bulge relation
and the bulge–galaxy relation.
In Figure 5, we show the BH–bulge relations obtained
from different works in the literature (many of which can
also be seen in Sesana 2013). The BH–bulge relations
are parameterized in the equation below and the related
parameters are listed in Table 1.
logMBH,1 = γ˜ + β˜ log σ200 + α˜ logM∗,11, (46)
where MBH,1, σ200, and M∗,11 correspond to the MBH
mass in units of 1M, the one-dimensional velocity dis-
persion in units of 200 km s−1, and the bulge mass in
units of 1011M, respectively. The intrinsic scatters of
the different BH–bulge relations are quantified by ˜ in
the table. We call the relation as the MBH-σ relation if
α˜ = 0, the MBH–M∗ relation if β˜ = 0, and the MBH-
M∗-σ relation if none of α˜ and β˜ is zero. For those
MBH−σ relations and MBH-M∗-σ relations with β˜ 6= 0,
we apply the relation between the velocity dispersion
σ and the bulge mass M∗ from Gallazzi et al. (2006),
log(σ/ km s−1) = 0.286 log(M∗/M) − 0.895 (with an
intrinsic scatter of 0.071dex) and convert them to the
MBH−M∗ ones to be shown in Figure 5, and the corre-
sponding scatters in the converted MBH−M∗ relations
are set to be
√
˜2 + 0.0712β˜2.
The bulge–galaxy relation is often characterized by the
bulge-to-total stellar mass ratio B/T . The bulge-to-total
ratio depends on the properties of the host galaxies, such
as the morphology or the galaxy mass. In this work,
we follow the prescription used by Ravi et al. (2015),
where early-type galaxies are divided into ellipticals and
S0s. The fractions of S0s and ellipticals are 75% and
25%, respectively, for 10 ≤ log(Mgal/M) ≤ 11.25, and
55% and 45%, respectively, for more massive galaxies.
For ellipticals, the bulge-to-total mass ratio is B/T = 1;
whereas for S0s, B/T = 0.7. For late-type galaxies, 90%
of them have the bulge-to-total ratio B/T = 0.2, and the
remaining 10% have no bulge component, i.e., B/T =
0. The scatter in B/T is assumed to be 0.1 dex for
both early- and late-type galaxies. The fraction of early-
type galaxies as a function of redshift and galaxy mass
are approximated by the fraction of quenched galaxies
presented in Behroozi et al. (2019).
4.5. Mock BBH evolution track library
In this subsection, we describe the construction of the
mock BBH evolution library, based on the mock host
galaxy sample described in Section 4.2, which will be
used to determine the statistical distributions of surviv-
ing BBHs, BBH coalescence rates, and GWB etc. in Sec-
tion 5.
The BBH evolution track library contains the
BBH evolution tracks, with different parameters
{M∗, q∗,MBH, qBH}. The parameter grids are set in the
following way. We set the BBH properties (MBH, qBH)
so that log(MBH/M) is in the range from 5 to 10 with
an interval of 0.1 and log qBH is in the range from -3 to 0
with an interval of 0.1. Given each (MBH, qBH), we select
25,000 galaxies randomly from the mock galaxy sample
constructed in Section 4.2. The mass of the spheroidal
component of each galaxy can be evaluated based on its
associated Nuker-law parameters and mass-to-light ratio.
We use the method presented in Section 2 to calculate
the BBH evolution track in each (triaxial) galaxy. For
each host galaxy, the pre-merger mass ratio q∗ is set so
that log q∗ is in the range from -3 to 0 with an interval
of 0.1. In the BBH evolution library, the BBH evolution
tracks do not depend on q∗. The number of the param-
eter grids is 3.75 × 107. Note that the different systems
in the mock library do not appear in the universe with
the same probability, their existence probabilities in the
universe are modulated by galaxy merger rates and the
correlations between the MBHs and their host galaxies
etc. (see more in Section 4.5.1 below).
We have tested that the above grids are sufficient for
obtaining the GWB results, but more are needed to ob-
tain the statistical distributions of surviving BBHs. For
the systems with log(MBH/M) being in the range from
5 to 10 with an interval of 1.0 and log qBH being in the
range from -2 to 0 with an interval of 0.5 (see the il-
lustrated example systems in Figs. 8–15), we increase
the selected galaxy number from 25,000 to 100,000 for
each (MBH, qBH), which adds another 1.5 × 106 evolu-
tion tracks to the library.
The mock BBH evolution track library is applied in
the following way. Given a system with parameters
(M∗, q∗,MBH, qBH), its BBH evolution track is obtained
by matching to the appropriate BBH track in the BBH
evolution library. The match is done by finding out
the one in the BBH evolution library, e.g., system k,
which has the minimum value of
∑
j(logX
k
j − logXj)2
(j = 1, 2, ..., 4), where Xj ∈ {M∗, q∗,MBH, qBH}.
4.5.1. Monte Carlo integrations: application of the BBH
evolution library
Below we describe how to obtain the distributions of
the surviving BBHs ΦBBH(MBH, qBH, a, z) (see Eq. 17)
by applying the above BBH evolution library in a Monte-
Carlo method. The similar method is also applied to
obtain the coalescence rate RBH(MBH, qBH, z) and the
stochastic GWB hc(f) etc. in this work.
We evaluate the distribution function of
ΦBBH(MBH, qBH, a, z) at the mesh points (MBH, qBH)
of the BBH evolution track library, with log(a/pc)
being in the range from -6 to 1 with an interval of
0.1 and z being in the range of 0–3 with an interval
of 0.1. As seen from Equation (17), given each point
of (MBH, qBH, a, z), the integration of Equation (17)
is done over the (logM∗, log q∗) space. We set the
integration range of log(M∗/M) to be within [8, 13]
and that of log q∗ to be within [−3, 0]. We divide the
space of (logM∗, log q∗) into 1500 small grids with
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intervals ∆ logM∗ = 0.1 and ∆ log q∗ = 0.1, do a Monte
Carlo integration within each small grid, and then add
the integration results of all the grids up.
The part of the function ΦBBH(MBH, qBH, a, z) con-
tributed by the integrand within each small grid (see
Eq. 17) can be obtained by
(ln 10)2∆ logM∗∆ log q∗
× 1
N
N∑
i=1
n∗(M∗, zi)R∗(q∗, zi|M∗)
×pBH(MBH, qBH|M∗, q∗, zi)H(t− τa,i) tevol,i
a
, (47)
where we set the number of the randomly gener-
ated galaxy merger events within a grid N = 1000,
and the function ΦBBH(MBH, qBH, a, z) can be ob-
tained by the sum over all the grids. The value of
n∗(M∗, z)R∗(q∗, z|M∗) in Equation (47) can be obtained
(from some analytical formula) as described in Sec-
tion 4.3. The function pBH(MBH, qBH|M∗, q∗, z) can also
be described in an analytical way (see Section 4.4). The
variables of τa,i and tevol,i in the integrand of Equa-
tion (47) represent the BBH evolution in each generated
galaxy merger event, which are evaluated by matching to
the appropriate BBH track in the BBH evolution library
as described in Section 4.5.
Note that the integration is dependent on the follow-
ing physical ingredients, including the GSMF (ngal), the
galaxy merger rate per galaxy, the BH-host galaxy rela-
tion (pBH), as well as the shape distribution of the host
galaxies. In this paper, we consider how the results are
affected with different inputs of those ingredients in our
results.
5. RESULTS
In this section, we present the main results of this
study. In Section 5.1, we illustrate some examples of
BBH evolution tracks and the dependence of BBH evo-
lution timescales on host galaxy triaxial shapes. In Sec-
tion 5.2, we present the statistical properties of BBH evo-
lution tracks expected in the realistic universe, e.g., the
distribution of their bottleneck evolution timescales and
the distribution of the slopes in their evolution timescale
curves during the hard binary stages. In Section 5.3, we
present statistical distributions of surviving BBHs, which
are the very target of many observational surveys. In Sec-
tion 5.4, we present the BBH coalescence rates. In Sec-
tion 5.5, we present the strain amplitude of the stochastic
GWB produced by the cosmic population of BBHs. In
Section 5.6, we discuss some prospects for detecting in-
dividual sources at the PTA bands. In Section 5.7, we
extend the study to investigate the contribution of the
BBH mergers to the LISA detection bands.
5.1. BBH evolution tracks and timescales
In this subsection, we illustrate the examples for the
BBH evolution tracks and the dependence of the BBH
evolution timescales on galaxy triaxial shapes.
Figure 6 shows an example for the evolution tracks of a
BBH inside a galaxy merger remnant. The example host
galaxy (i.e., the merger remnant containing the BBH)
has the typical properties, with surface brightness fol-
lowing a Nuker-law profile characterized by parameters
α = 3.97, β = 1.26, γ = 0.72, and Rb = 466 pc. The
system has a total stellar mass of log(M∗/M) = 12 and
contains a BBH at the center with total mass satisfy-
ing log(MBH/M) = 8.6. Two sets of BH mass ratios
are assumed, i.e., 1/1 and 1/10, as shown by solid and
dashed curves in the figure. Given a BBH mass ratio, the
five sets of intrinsic triaxial shapes are assumed for the
host merger remnant, i.e., (b/a, c/a) = (1.0, 1.0) (red),
(1.0, 0.8) (green), (1.0, 0.6) (blue), (0.9, 0.8) (cyan) and
(0.8, 0.6) (magenta).
As described in Section 2, the evolution of a BBH goes
through several stages driven by different physical mech-
anisms. In Figure 6, we mark the boundaries between
these different stages, according to the definitions in Sec-
tion 2. Along the direction of decreasing a, the black
arrow labeled with “bound” marks the formation of a
bound BBH, the black arrow labeled with “hard” marks
the formation of a hard BBH, and the color arrows mark
the transition to the gravitational radiation stage for the
BBH evolution curves with the corresponding colors and
line styles. We use the horizontal arrows labeled with
tpeak to mark the maximum BBH evolution timescales
after the BBHs become bound. As seen from the figure,
the galaxy triaxiality can decrease the maximum BBH
evolution timescale significantly, as shown by Figures 7-
9 in Yu (2002).
For the example BBH system with qBH = 1 shown
in Figure 6, we also calculate their evolution with other
galaxy host galaxy shapes, and show the dependence of
their maximum evolution timescales on the shapes in Fig-
ures 2–7.
The right panel of Figure 2 shows the contours of
log tpeak, as a function of the two axis ratios of the mass
density distribution (i.e., the medium-to-major axis ra-
tio b/a and the minor-to-major axis ratio c/a). As seen
from the figure, the contours of log tpeak are quite dense
at the boundaries of b = c and a = c, which implies that
even a minor triaxiality can decrease tpeak significantly.
As shown by the label on the contours, the values of
tpeak decrease to significantly short timescales (shorter
than the Hubble timescale) in a wide parameter space of
triaxiality.
As an alternative way to illustrate the results in Fig-
ure 2, Figure 7 shows tpeak of the example BBH sys-
tem as a function of the triaxiality parameter T = (a2 −
b2)/(a2− c2) for the five sets of different minor-to-major
axis ratios c/a. Except for the curves in nearly spheri-
cal system (c/a = 0.99 or 0.95), tpeak decreases sharply
when the triaxiality deviates from T = 0 (b/a = 1) and
T = 1 (b = c), which is consistent with the result shown
in Figure 2.
5.2. Statistical properties of BBH evolution tracks
In this section, the statistical distributions of some
properties describing the BBH dynamical evolution
tracks are investigated, including the coalescence
timescale τ0 ≡ τa=0 (e.g., see Eq. 21) defined by the
total time to be taken by a BBH to the final coales-
cence from the mergers of their host galaxies, the maxi-
mum timescale tpeak defined by the maximum evolution
timescale of a BBH after the formation of the binary, the
slope of the evolution curve of a BBH in the log tevol–
log a space before its gravitational radiation stage, and
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some other orbital properties of a BBH when it enters
the gravitational radiation stage.
Consider that a population of galaxy mergers occur
at redshift z′. Below we describe the statistical distri-
butions of the evolution tracks of the BBHs formed by
those galaxy mergers (note that these distributions are
different from the statistical distributions of the surviv-
ing BBHs at a given redshift to be described in Sec-
tion 5.3). Given a physical property x describing the
BBH evolution tracks, we define its probability distribu-
tion function ψx(x|MBH, qBH, z′) by
ψx(x|MBH, qBH, z′) ≡ Ψx(x,MBH, qBH, z
′)
Ψ(MBH, qBH, z′)
, (48)
where
Ψ(MBH, qBH, z
′)
≡
∫
dM∗
∫
dq∗n∗(M∗, z′)R∗(q∗, z′|M∗)
× pBH(MBH, qBH|M∗, q∗, z′), (49)
and
Ψx(x,MBH, qBH, z
′)
≡
∫
dM∗
∫
dq∗n∗(M∗, z′)R∗(q∗, z′|M∗)
× pBH(MBH, qBH|M∗, q∗, z′)
× px(x|M∗, q∗,MBH, qBH, z′), (50)
In Equation (50), px(x|M∗, q∗,MBH, qBH, z′)
is the probability function defined so that
px(x|M∗, q∗,MBH, qBH, z′)dx represents the probability
that the evolution tracks of the BBHs characterized by
parameters (MBH, qBH|M∗, q∗, z′) has the corresponding
physical property in the range x → x + dx, where the
BH mass growth is ignored before the BBH coalescence.
We have
∫
dxpx(x|M∗, q∗,MBH, qBH, z′) = 1. The
probability function px(x|M∗, q∗,MBH, qBH, z′) can be
obtained by using Monte-Carlo simulations to generate
N(= 1000) galaxy mergers with the grid of the parame-
ters (M∗, q∗) at z′ leading to the formation of BBHs with
parameters (MBH, qBH) and calculating the physical
property xi (i = 1, 2, ..., N) of the corresponding BBH
evolution tracks. Thus, we have
px(x|M∗, q∗,MBH, qBH, z′)
=
1
N
N∑
i=1
δ(x− xi|M∗,q∗,MBH,qBH)
=
1
N
d
dx
N∑
i=1
H(x− xi|M∗,q∗,MBH,qBH). (51)
In a similar way to obtain ΦBBH(MBH, qBH, a, z) as
described in Section 4.5.1, the part of the function
Ψx(x,MBH, qBH, z
′) contributed by the integrand within
each small grid of (M∗, q∗) (see Eq. 50) can be obtained
by
(ln 10)2∆ logM∗∆ log q∗
× 1
N
N∑
i=1
n∗(M∗, z′)R∗(q∗, z′|M∗)
×pBH(MBH, qBH|M∗, q∗, z′)H(x− xi|M∗,q∗,MBH,qBH),
(52)
and Ψx(x,MBH, qBH, z
′) can be obtained by the sum over
all the grids.
In Figures 8–11, we show the statistical results for the
evolution tracks of BBHs caused by galaxy mergers oc-
curring at z′ = 0, by using Equation (48) and the method
of the Monte Carlo integration as described above, where
the galaxy merger rate is determined by the GSMF ngal
of Behroozi et al. (2019) and the galaxy merger rate per
galaxy Rgal of Rodriguez-Gomez et al. (2015). The BH
mass is set, according to the MBH−M∗ relation of Ko-
rmendy & Ho (2013) (KH13b in Table 1). The mock
BBH evolution tracks obtained with the different intrin-
sic shape distributions of the early-type galaxies (see Fig-
ure 2) are adopted, and their results are compared.
Figure 8 shows the probability distribution of the log-
arithm of the BBH coalescence timescale, log τ0. The
left panels show the results for different MBH, and the
right panels show the results for different qBH. From
top to bottom panels, the results are obtained by choos-
ing the different sets of the shape distribution of the
host galaxy merger remnants presented in Weijmans et
al. (2014), Rodr´ıguez & Padilla (2013), and Padilla &
Strauss (2008), respectively. As seen from the figure, we
find the following points.
• The distribution of the coalescence timescale τ0
spreads widely, from ∼ 108 to ∼ 1012 yr.
• The left panels of the figure show that the distri-
bution depends on the BBH total mass. The BBHs
with high total masses (e.g., ∼ 109-1010M) have a
relatively large fraction of long τ0 (e.g., longer than
the Hubble timescale ∼ 1010 yr), as shown by that
their distribution peaks shift rightwards, and those
with low total masses have lower probabilities to
have τ0 longer than the Hubble timescale.
• The right panels of the figure show that the distri-
bution depends on the BH mass ratios. The BBHs
with smaller BH mass ratios (e.g., qBH = 0.01) have
a relatively larger fraction of long τ0, as shown by
that the left sides of the distribution curves shift
rightwards, which is mainly caused by the increas-
ing dynamical friction timescales with smaller mass
ratios, in consistency with the conclusions in Yu
(2002). As shown in Yu (2002), for BBHs with
mass ratio . 10−3, the dynamical friction timescale
is generally so long that they are hardly able to fin-
ish the in-spiral within a Hubble timescale.
• As seen from the different rows of the figure, the
different choice of the shape distributions does not
affect the above summary qualitatively. Quanti-
tatively, the coalescence timescale distributions in
the bottom panels, obtained by a nearly oblate
spheroidal shape distribution of Weijmans et al.
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(2014) are relatively broadened towards longer τ0,,
compared with those in the top and the middle
panels. The coalescence timescale distributions in
the top and the middle panels obtained from the
triaxial shape distributions of Rodr´ıguez & Padilla
(2013) and Padilla & Strauss (2008), are close to
each other.
Figure 9 shows the probability distribution of the log-
arithm of the maximum BBH evolution timescale tpeak
after the BBHs become bound. As done in Figure 8, the
results for the different shape distributions of the host
merger remnants are adopted, the different BBH total
masses, the different BBH mass ratios are shown in this
figure. As seen from the left panels in Figures 8 and
9, the distributions of the peak evolution timescales are
quite similar to those of the coalescence timescales, which
suggests that the coalescence timescales τ0 of BBHs with
large mass ratios are dominated by their peak evolution
timescale tpeak after the BBH becomes bound. However,
different from the distributions shown in the right pan-
els of Figure 8, the distributions of the peak evolution
timescale after the BBH becomes bound is less sensitive
to the BBH mass ratios.
Figure 10 shows the probability distribution of the
slopes of the BBH evolution curves in the log tevol–
log a space, during the hard binary stage, defined by
αBBH ≡ log tevol(agr)−log tevol[max(ah,adp)]log agr−log[max(ah,adp)] . The slope is an
indicator of whether the loss cone is full or not. If the
loss cone remains full at the hard binary stage, the slope
is expected to be −1. However, as the stars in the loss
cone can be gradually removed due to the interaction
with the BBH, the slope can deviate from −1 and be
steeper significantly, if the stellar refilling rates into the
loss cone are not high enough. The upper panels show
the results obtained by using the intrinsic shape distribu-
tion of early-type galaxies from Padilla & Strauss (2008),
and the lower panels show the results obtained by us-
ing the shape distribution from Weijmans et al. (2014).
The results obtained by using the shape distribution from
Rodr´ıguez & Padilla (2013) are not shown here, as they
are quite similar to those in the upper panels. As seen
from the figure, the distribution of the slopes tends to
shift leftwards (with decreasing or steeper values), as
the BBH total mass becomes larger in the left panels or
the BBH mass ratio becomes smaller in the right panels.
Those trends are relatively stronger in the lower panels.
Overall, the slopes are in the range from -4 to -1 for BBH
systems with mass ratio greater than 0.1, not deviating
from the value −1 by orders of magnitude, which indi-
cates that in most of those cases the stellar refilling rates
to the loss cone are not low, compared to the rates in the
full loss cone case.
Figure 11 shows the probability distributions of the
physical properties marking the transition to the gravi-
tational radiation stage, i.e., the semimajor axis agr, the
GW frequency fgr, and the orbital period Pgr in the top,
middle, and bottom panels, respectively. As expected,
the figure shows that larger BBHs tend to evolve into
the gravitational radiation stage with larger semi-major
axes and orbital periods and with smaller GW frequen-
cies. The typical ranges of these properties shown in the
figure can help to determine the chance of a given BBH
system being at the gravitational radiation stage. In ad-
dition, the transitional orbital frequency is closely related
with the bending frequency of the strain spectrum of the
GWB from the cosmic population of BBHs, as will be
seen in Section 5.5.
5.3. Distributions of the surviving BBHs
In this subsection, we present the results on
the distributions of the surviving BBHs (e.g., see
ΦBBH(MBH, qBH, a, z) in Equation 14), by using the
Monte Carlo integration described in Section 4.5.1. We
show the distributions for the following physical vari-
ables: the BBH semi-major axis a, the orbital period P ,
the frequency f of their emitted GWs, and the relative
circular velocity v of the BBHs. Given the total BBH
mass, those variables are mutually convertible after the
binary becomes bound (i.e., a . Rinfl), since the gravita-
tional force between the binary dominates the orbital mo-
tion of the BBH at such scales. For example, the orbital
period distribution can be expressed through the semi-
major axis distribution, i.e., ΦBBH(MBH, qBH, a, z)
∣∣ da
dP
∣∣.
The distributions of these variables may provide clues to
discover surviving BBHs.
Figures 12–15 present the distributions of the BBH
semi-major axis a, the orbital period P , the GW fre-
quency f , and the relative circular orbital velocity v of
the surviving BBHs, respectively. In each of these fig-
ures, the upper left panel shows the dependence of the
distribution functions on the total mass of the BBHs at
z = 0 with qBH = 1.0 and log(MBH/M) = 5.0, 6.0,
7.0, 8.0, and 9.0; the upper right panel shows the depen-
dence on the BBH mass ratio for BBHs at z = 0 with
log(MBH/M) = 8.0 and log qBH = 0.0, −0.5, −1.0,
−1.5, and −2.0. Most of those surviving BBHs with
properties significantly deviated from the corresponding
peak locations have the evolution timescales significantly
shorter than the Hubble timescale. The lower panels
show the cumulative distributions of the corresponding
upper panels. The figures show the medians of the re-
sults obtained by the different BH–host galaxy relations
(similarly for Figs. 16 and 17 below). Regarding the or-
bital period distribution shown in the top left panel of
Figure 13, we note that the observationally constrained
orbital periods of some individual BBH candidates, e.g.,
∼ 12 yr for OJ 287 with MBH ' 1.83 × 1010M and
qBH ' 0.01 (Valtonen et al. 2008), ∼ 5.16 ± 0.24 yr for
PG 1302 with log(MBH/M) ' 8.3–9.4 (Graham et al.
2015), or ∼ 1.2 yr for Mrk 231 with MBH ' 1.5×108M
and qBH ' 0.026 (Yan et al. 2015), are not located at the
peak locations of the distributions corresponding to their
BBH masses, which would imply a relatively higher prob-
ability that more surviving BBH candidates are likely to
be detected in future. In these figures, we also show the
distributions contributed only by those BBHs with coa-
lescence timescale τ0 shorter than the Hubble timescale
(by the dot-dashed curves). The differences between the
solid and the dot-dashed curves in the figure indicate that
the distributions of the surviving BBHs with large semi-
major axes/long orbital periods/low GW frequency/low
relative velocities (at the binary stages) are mainly con-
tributed by those not being able to finish their final co-
alescences within the Hubble timescale, while the distri-
butions of the BBHs with low semimajor axes (at the
gravitational radiation stage) are those that can coalesce
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within the Hubble timescale.
Figure 16 plots the fraction of MBHs in galaxies
that host surviving BBHs, as a function of redshift.
In the top left panel, only the BBHs with sepa-
ration 0 < a ≤ 10 pc and mass ratio qBH ≥ 1/3
are included in estimating the BBH fraction, i.e.,∫ 10 pc
0
da
∫ 1
1/3
dqBHΦBBH(MBH, qBH, a, z)/nBH(MBH, z),
where nBH(MBH, z) is defined so that
nBH(MBH, z)dMBH represents the comoving num-
ber density of MBHs with mass within the range
MBH → MBH + dMBH at redshift z. As seen from
the top left panel, the surviving BBH fractions are
around ∼1%–3% (solid curves) for different BH masses
at z . 3, and the BBH surviving fractions increase with
increasing BH masses for MBH . 107M and decrease
with increasing BH masses for MBH & 107M. The
surviving fractions change mildly with redshifts for
BBHs mass in the range of 106M . MBH . 109M.
Among the surviving BBHs, more than about a half
have total evolution timescales shorter than the Hubble
timescale, according to the comparison between the
dot-dashed curves and the solid curves. The surviving
BBH fractions with qBH ≥ 1/100 increase to ∼ 10% as
shown in the bottom left panel. In the right panels,
only the BBHs with orbital periods 1 yr < P < 10 yr or
1 yr < P < 30 yr are included in estimating the BBH
fraction. As seen from the top right panel, at z = 0, the
fractions of surviving BBHs with qBH ≥ 1/3 and orbital
periods 1 yr < P < 10 yr are expected to be ∼0.5%–1%
in MBHs with MBH ∼ 106-107M, the fractions of
those with 1 yr < P < 30 yr are expected to be ∼2%
in MBHs with MBH ∼ 106-107M, and the fractions
decrease in MBHs with other masses, down to 10−4
for MBH ∼ 109M. The fractions are not sensitive to
redshifts at z . 3. The fractions of surviving BBHs with
qBH ≥ 1/100 and 1 yr < P < 30 yr increase to ∼ 10% for
MBH ∼ 106-107M and ∼ 6× 10−3 for MBH ∼ 109M,
as shown in the bottom right panel.
5.4. BBH coalescence rates
In this subsection, we present the results on the BBH
coalescence rates (see Eq. 20), by using the Monte Carlo
method described in Sections 3-4. The BBH coalescence
rate traces the merger rate of their host galaxies, but
with a BBH evolution time delay. This time delay is
obtained based on the BBH dynamical evolution model
as described in Section 2.
Figure 17 shows the BBH coalescence rates (RBH; see
Eq. 20) as a function of redshift (thick solid curves), and
their dependence on BBH total masses (left panels) and
mass ratios (right panels). In Equation (20), the BBH co-
alescence rates are obtained with including the BBH dy-
namical evolution after their host galaxy mergers, where
we adopt the galaxy shape distribution of Padilla &
Strauss (2008), the galaxy merger rate based on the
galaxy stellar mass function of Behroozi et al. (2019), the
merger rate per galaxy of Rodriguez-Gomez et al. (2015),
and all the different BH–host galaxy relations shown in
Table 1. We show the median values of the results ob-
tained with the different BH–host galaxy relations as the
thick solid curves in the figure. In the lower panels, we
show the corresponding volume-integrated BBH coales-
cence rates as a function of redshift. If the BBH evolution
is ignored and the BBH coalescence is assumed to occur
immediately after the host galaxy merger, we use Equa-
tion (25) to obtain the BBH coalescence rates and show
them as dashed lines as a reference. As seen from the
figure, for those BBHs with smaller mass ratios which
have relatively larger coalescence timescales, the results
obtained with the inclusion of the BBH evolution time
delay (solid curves) have relatively lower rates at high
redshifts for low qBH, compared to the results obtained
without including the BBH evolution time delay (dashed
curves). The total BBH coalescence rate at z . 3 can be
up to ∼1 yr−1.
To illustrate the uncertainty in the BBH coalescence
rate estimation, we use Figure 18 to show the BBH
coalescence rates obtained by the different sets of the
BH–host galaxy relations in Table 1. The left pan-
els show the coalescence rates of BBHs with total mass
MBH = 10
5M and mass ratio qBH = 1, and the right
panels show the coalescence rates of BBHs with total
mass MBH = 10
8M and mass ratio qBH = 0.01. The
figure shows that the BBH coalescence rates estimated
with the different choices of the BH–host galaxy relations
can differ by two orders of magnitude.
5.5. Stochastic GWB at the PTA bands
In this subsection, we obtain the stochastic GWB spec-
tra radiated from the cosmic population of BBHs, by
using Equation (31) and the Monte Carlo integration
method described in Section 4.5.1, where the charac-
teristic strain amplitude of the background hc is deter-
mined by several astrophysical ingredients, including the
GSMF, the merger rate per galaxy, the BH–host galaxy
relation, and the BBH evolution timescale after the host
galaxy mergers. We try the different sets of BH–host
galaxy relations in the estimation; with the results being
treated with equal weight. their median and the standard
deviation are then used to characterize the expectation
and uncertainty of the stochastic GWB.
We show the obtained characteristic strain spectra of
the stochastic GWB across the PTA bands, produced by
the modeled cosmic population of BBHs, in Figure 19.
In the estimation, we adopt the GSMF of Behroozi et al.
(2019) and the galaxy merger rate given by Rodriguez-
Gomez et al. (2015), and we use the different color curves
to show the results obtained by the different BH–host
galaxy relations listed in Table 1. By treating all the
results with equal weight, we show their median as the
black solid curve and their standard deviation around
the median as the shaded region in the lower panel of
Figure 19. In Figure 19, at the relatively high-frequency
bands (f & 10−9 Hz), the black dashed line represents
the median strain spectrum obtained by assuming that
the BBH coalescence occurs immediately after the galaxy
merger (i.e., applying Eq. 25 and setting
〈
tevol,i
tgr
〉
= 1 in
Eq. 33), which follows the −2/3 power law as a function
of the observational frequency. The bending of the strain
spectrum shown at the low-frequency end (. 10−9 Hz) is
caused by that a significant part of the BBH energy loss
is driven by three-body interactions with surrounding
stars, and the spectrum corresponds to the BBH evo-
lution tracks at a & agr. As seen from Figure 19, the
largest strain amplitude at f = 1 yr−1, denoted by Ayr,
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is Ayr ' 5.4×10−16, obtained by adopting the MBH−M∗
relation of Kormendy & Ho (2013); whereas the lowest
strain amplitude is A yr ' 6.1×10−17, obtained by adopt-
ing the MBH−M∗−σ relation of Shankar et al. (2016).
The difference in the GWB estimates can be as large as
∼ 10 due to different choices of the BH–host galaxy re-
lationships. As seen from Figure 19, the median value
(black solid curve) at f = 1 yr−1 is Ayr ' 2.0 × 10−16,
which is lower than that of the black dashed line by a
factor of ∼ 1.5, with a standard deviation of +1.4−0.8×10−16
around the median. As shown by the red and the yel-
low points in the figure, the current 95% upper limits
on the stochastic GWB from the NANOGrav and the
IPTA at f = 1 yr−1 are 1.45×10−15 (Arzoumanian et al.
2018) and 1.7×10−15 (Verbiest et al. 2016), respectively.
The 95% upper limits from the PPTA at f = 1 yr−1 is
1.0 × 10−15 (Shannon et al. 2015). The largest strain
amplitude at f = 1 yr−1 shown in Figure 19 is below
those currently constrained upper limit by a factor of
∼ 2, while the median of the predicted values is smaller
than the current limit by a factor of ∼ 5. As shown
in the figure, the expected strain amplitudes at a lit-
tle lower frequency f ∼ 10−8 Hz are well within the
expected detection ability of the on-going PTA experi-
ments in the future [see the magenta curve estimated for
the Next-Generation Very Large Array (ngVLA) with a
ten-year observation (NANOGrav Collaboration 2018),
and the cyan curve estimated for the Square Kilometer
Array (SKA) PTA formed by monitoring 50 pulsars at
100ns precision for 15 years (Bonetti et al. 2018)], except
for the lowest strain amplitudes estimated by using the
BH-host relation provided by Shankar et al. (2016).
To quantify the bending trends of the strain spectrum,
we fit each estimated strain spectrum shown in Figure 19,
by using the following equation:
hc(f) = A
(f/ yr−1)−2/3
[1 + (fbend/f)κgwγgw ]1/(2γgw)
, (53)
where the parameters fbend, κgw, and γgw encode the
information about the physical processes driving the
evolution of the BBHs before they enter the gravita-
tional radiation stage and the distributions of the BBHs.
Equation (53) is reduced to Equation (24) of Arzou-
manian et al. (2016) if γgw = 1. The κgw is the low-
frequency spectral index of the broken power-law GWB
strain spectrum, related to the slope of the BBH evo-
lution track during the hard binary stage, i.e., κgw =
8/3 − 2/3(d log tevol/d log a). The turnover frequency
fturn, defined by the frequency at which the strain spec-
trum reaches its maximum, is a function of fbend, κgw,
and γgw as follows (see Equation 30 in Arzoumanian et
al. 2016).
fturn = fbend
(
3κgw
4
− 1
)1/(γgwκgw)
. (54)
In Table 1, we list the estimated GWB strain ampli-
tudes at the observational GW frequency 1 yr−1, Ayr,
and the fitting parameters fturn and κgw for each BH–
host galaxy relation used in this study. As shown in
Figure 19, the assumption of instantaneous BBH merg-
ers leads to an overestimate of the GWB strain ampli-
tudes, compared to the case with considering the BBH
evolution processes. Our calculations show that the over-
estimates are in the range of ∼0.10–0.20 dex for those
corresponding cases listed in Table 1 (see the “Drop”
column). In the model, we use the shape distribution of
Padilla & Strauss (2008) for the BBH evolution. We have
checked that the adoption of galaxy shape distribution
of Rodr´ıguez & Padilla (2013) gives similar strain am-
plitudes, and the adoption of galaxy shape distribution
of Weijmans et al. (2014) leads to a further decrease by
∼0.15 dex.
In Table 1, the turnover frequencies fturn are all within
the range [10−10, 10−9] Hz, with a median of 0.25 nHz,
which is beyond but close to the lower boundary of cur-
rent PTA frequency band. If the evolution of the in-
spiraling BBHs during the hard binary stage is always in
the full loss-cone regime, we have d log tevol/d log a = −1
and κgw = 10/3. In realistic cases, however, the evolu-
tion of the BBHs gradually departs from the full loss-cone
regime and correspondingly κgw (in the range of ∼3.3–
4.6) increases a little compared to the full loss-cone case.
At the high-frequency end of the PTA band, the in-
tegrated number of BBHs emitting GWs at these fre-
quencies is too small for Equation (31) to act as a good
approximation (Roebber et al. 2016; Kelley et al. 2017).
In addition to showing the results of the Monte Carlo
integration, we evaluate the strain spectrum from a re-
alization of the cosmic population of BBHs and show
the results in Figure 20. The realization of the cos-
mic BBH population is based on the number distribu-
tion function of these objects in the parameter space
(z,MBH, qBH, fobs) (in a rejection method; e.g., see Bev-
ington & Robinson 2003) and the total number of the
sources is the integration of the number distribution over
the 4-dimensional parameter space. We obtain ten re-
alizations of the cosmic BBH population by using the
method. With the realizations, we can also select out
the individual sources loud enough to stand out of the
average background, which will be presented in the next
subsection.
Figure 20 shows that the GWB strain spectrum ob-
tained from the ten realizations of the cosmic BBH popu-
lations (grey curves) which deviates from the −2/3 power
law (purple curve) and fluctuates due to the small num-
ber of BBH sources at the high-frequency end. Here the
strain spectrum is obtained by adopting the MBH−M∗
relation of Kormendy & Ho (2013), which gives the
largest estimate of the GWB amplitude in Figure 19 (see
the purple curve). In Figure 20, each grey jagged curve
show the strain spectrum estimated from one Monte
Carlo realizations of the cosmic BBH sources. We present
the details on how to divide frequency bins and obtain
this curve in Section 5.6 below. Note that in each fre-
quency bin, the source with the strongest strain (hc; see
Eq. 58) in each realization is excluded to obtain the grey
curve, and it is counted as an individual source with its
characteristic strain (cf. Eq. 55) being larger than the
background, and the grey curve (background) is con-
tributed by the remaining sources in the same frequency
bin. As seen from the figure, the strain spectra based on
Equation (55) below for the Monte Carlo realizations of
the cosmic BBH sources are well described by the −2/3
power law at f . 10−8 Hz. At higher frequencies, the
strain spectra based on the Monte Carlo realizations tend
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to fall below the power-law expectation, but with some
spikes being above the power law expectation (see also
Roebber et al. 2016). This is the frequency range where
individual sources emerge from the background, and the
detection of the individual sources will be discussed in
the next subsection.
To study which parts of galaxy merger populations
contribute significantly to the stochastic GWB, in Fig-
ure 21 we show the fractions of the total GW energy den-
sity (blue dashed) and the total characteristic strain am-
plitude (blue solid) contributed by galaxy mergers with
merger redshift < z (left), total galaxy mass < Mgal
(middle), and galaxy mass ratio > qgal (right), at the
observational frequency f = 1 yr−1. Similarly, to tell
the contribution of different parts of BBH populations
to the stochastic GWB, in Figure 21 we also show the
fractions of the total GW energy density (red dashed)
and the total characteristic strain amplitude (red solid)
contributed by BBHs with coalescence redshift < z (left),
total BBH mass < MBH (middle), and BBH mass ratio
> qBH (right), at the observational frequency f = 1 yr
−1.
As seen from Figure 21, most of the GWB energy den-
sity is contributed by galaxy or BBH mergers within red-
shift lower than 2, with total galaxy mass within ∼ 1010–
1012M or BBH mass within ∼ 108–1010M, and with
merging galaxy or BH mass ratio greater than ∼ 0.01.
5.6. Individual sources
Detection of signals from individual BBH systems,
though beyond the current capability of PTAs (Lee et al.
2011; Arzoumanian et al. 2014; Zhu et al. 2014; Babak
et al. 2016), would be also of great interest and provide
insights into the BBH population in a different way from
the global constraint from the stochastic GWB. Individ-
ual BBH systems can be possible targets of telescopes
detecting electromagnetic signals so that the physical
properties of some sources can be further investigated
individually. Detection of a large number of individual
BBHs systems will also enable a statistical study of the
formation and evolution of the BBH population (Rosado
et al. 2015; Kelley et al. 2018).
The prospects of detecting GW signals from individ-
ual BBHs by current and future PTAs have been investi-
gated in the previous works (e.g., see Sesana et al. 2009;
Ravi et al. 2015; Rosado et al. 2015; Kelley et al. 2018).
For example, based on the halo merger rate from the
Millennium simulation, together with different BH–host
halo relations, Sesana et al. (2009) assemble a cosmic
BBH sample and estimate that at least one resolvable
source might be detected by future PTAs involving with
SKA observations. Ravi et al. (2015) find that though
beyond the capability of current PTAs, signals from up
to ∼3 BBHs could be detected by a PTA consisting of
∼100 pulsars with ∼100 ns timing precision for an obser-
vation period of 5 yr with a cadence of two months (Ellis
et al. 2012), which might be achievable with the SKA.
Despite this, bursts from coalescing BBHs are still not
likely to be detectable. On the other hand, Rosado et
al. (2015) try to answer if the detection of signals from
individual sources comes before that from the stochastic
background. A broad set of simulations covering a large
parameter space of the BBH populations are employed.
And appropriate detection statistics are used to evaluate
the detection probability for both kinds of signals. They
find that though the stochastic GWB is more likely to
be detected first, the detection probability for individ-
ual sources is not negligible. Recently, based on mock
PTAs, Kelley et al. (2018) estimate that the individual
sources are likely to be detected with ∼20 yr total ob-
serving baselines of PTAs. However, this detection time
may double if several red noises hide in the PTA data.
As mentioned in Section 5.5, we use the Monte Carlo
method to generate the cosmic BBH sources; and then
we obtain their GW strain spectrum in the following
way. As done in Roebber et al. (2016), we assume a
Tobs = 25 yr PTA program, with an observational ca-
dence of 6 weeks. The width of each frequency bin is
∆f = 1/Tobs ' 1.3 nHz. And the GWs at the frequen-
cies between a minimum value fmin ' 1.3 nHz and a
maximum value fmax ' 100 nHz is assumed to be ex-
plored by the PTA program. Within each frequency bin
[fk, fk + ∆f ] (k = 1, 2, ...), the characteristic strain am-
plitude is the incoherent sum of the GW signal of each
BBH with GW frequency fi ∈ [fk, fk+∆f ] and given by
hc(fk) =
√∑
i
h2i (fr,i) min(Ni, fiTobs), (55)
where hi(fr,i) is the sky- and polarization-averaged strain
amplitude of GW produced by the BBH system i at the
source-rest GW frequency fr,i = fi(1 + zi) and given by
the following formula (Thorne 1987)
hi(fr) =
√
32
5
(GM)5/3
c4Rc(z)
(pifr)
2/3, (56)
Rc(z) is the comoving distance of the GW source at red-
shift z and lower than its luminosity distance by a factor
of 1/(1 + z), N = f2r /f˙r, and
f˙r =
96pi8/3G5/3
5c5
M5/3f11/3r . (57)
Within the given frequency bin, there are two types of
sources, i.e., those continuous sources satisfying N ≥
fTobs and those in-spiraling sources satisfying N <
fTobs, and min(Ni, fiTobs) is roughly the number of cy-
cles that a binary spends within the given frequency bin
during the observational time Tobs.
In Figure 20 we show the characteristic strain ampli-
tude hc of the individual sources of the ten realizations
of the cosmic BBH populations. Note that in our model,
given one realization of the cosmic BBH population, only
the loudest source in each frequency bin is picked out as
a candidate of an individual source and shown as a color
circle in Figure 20, where different colors represent differ-
ent BBH masses. Those individual sources are excluded
when estimating the backgrounds whose strain spectra
are shown by the grey curves in the figure. However, in
principle, multiple loud sources from the same frequency
bin could be extracted simultaneously, since signals may
come from different directions of the sky and could be re-
solved by PTAs spatially, as well as chromatically (Ravi
et al. 2012; Babak & Sesana 2012; Boyle & Pen 2012).
In this work, we do not consider this situation, since its
probability is small when the detector sensitivity is not
high enough; (e.g., see also Kelley et al. 2018). As seen
Supermassive binary black holes and gravitational wave radiation 19
from Figure 20, the majority of the sources are located
at frequencies f & 10−8 Hz, and some of the loudest indi-
vidual sources have the characteristic strain larger than
that given by the purple curve following the −2/3 power
law. The strongest individual sources are below the cur-
rent upper limits from the PTA analysis (see red, green,
and blue curves) by one order of magnitude.
In Figure 20, for reference, we also illustrate the char-
acteristic strain amplitudes as a function of frequency of
BBHs at redshift z = 0.1, 0.2, and 1.0, with BH mass
ratio qBH = 0.1, and with total masses MBH = 10
10M,
109M, and 108M, respectively, which is given by
hc(f) = h(fr)
√
min(N , fTobs) (58)
(see the black lines).
Figure 20 can provide some prospects for detecting
individual BBH systems in the GW domain, though a
quantitative investigation on the detection time estima-
tion for these sources is beyond the scope of this work,
which involves signal searching strategies, noise models
and detector conditions. Firstly, the best constraints of
current PTAs on continuous individual sources are at
frequencies f ∼ 5× 10−9–10−8 Hz. However, the major-
ity of the high-signal sources located above the stochas-
tic background are at larger frequencies. Secondly, at
frequencies f & 10−8 Hz, some of the loudest individ-
ual sources have characteristic strain larger than that
given by the −2/3 power law. In contrast, the stochastic
background from realizations of the cosmic BBH popu-
lation has rms characteristic strain below the power law.
Thirdly, those individual BBHs that have the highest sig-
nals generally have total masses MBH ∼ 109M and low
redshift z . 1, which should be among the first detection
of the individual sources. The average numbers of the in-
dividual sources with signals higher than the background
(grey curve) for one realization of the BBH population
shown in the figure are ∼ 1.0 at hc & 10−15 and ∼ 8.7
at hc & 3 × 10−16, potentially achievable by the PTA
experiments involving next-generation radio telescopes,
such as SKA.
5.7. Contribution to the LISA detection bands
In the above subsection, we investigate the GW radia-
tion from the cosmic population of the BBHs at the fre-
quency band of PTAs, and in this subsection we extend
the investigation to higher GW frequencies (∼ 0.1 mHz–
0.1 Hz; LISA/Taiji/Tianqin detection bands) and study
the prospects of detecting GW signals from less massive
BHs.
By using one Monte Carlo realization of the BBH pop-
ulations generated in Section 5.5 and assuming a three-
year or ten-year observational time of the LISA mission,
we plot the characteristic strain of the BBH systems cov-
ering the whole mission period in Figure 22 (shown as
the color lines, with different colors representing differ-
ent total BBH masses, mass ratios, and redshifts in the
top, middle, and bottom panels, respectively), and their
starting values at the beginning of the observation are
shown as the points. As seen from the figure, some of
the sources have significant frequency shifts during the
observation periods.
At frequencies f & 10−4 Hz, the number of the sources
is not significant to form a background. However, as a
reference, in Figure 22 we also plot the strain spectrum
of the possible stochastic background estimated from the
integration of Equation (31) as the red dashed line, with
the integration limits MBH > 10
5M, qBH > 10−3.
For each generated source within the LISA band,
we can calculate the signal-to-noise ratio (SNR) of the
source for a given observational duration by using Equa-
tion (19) of Moore et al. (2015), i.e.,
SNR =
√∫ ∞
−∞
d ln f
[
hc(f)
hn(f)
]2
, (59)
where hn(f) corresponds to the LISA sensitivity curve
shown in Figure 22. By simulating ten Monte Carlo re-
alizations of the BBH samples within the LISA band, the
average total number of the events with SNR above 8 is
2.8 for a 3-year mission and 9.1 for a 10-year mission,
and thus the detection rate for LISA is estimated to be
∼0.9 yr−1 (obtained by using the MBH−M∗ relation of
Kormendy & Ho 2013).
The above detection rate of BBHs by LISA is con-
sistent with our previous results shown in Section 5.4.
For the BBH coalescence rates shown in Figure 17, the
integrated coalescence rate of the BBHs over the same
ranges of total masses MBH > 10
5M and mass ratios
qBH > 10
−3 is ∼0.63 yr−1, which is the median value of
the results obtained by adopting all the BH–host galaxy
relations listed in Table 1. If we adopt the MBH−M∗
relation of Kormendy & Ho (2013) (see the bottom left
panel of Figure 18), the integrated coalescence rate over
the above same integration limits is ∼ 0.86 yr−1, which is
close to the median value. The BBH coalescence rate is
consistent with the estimated LISA detection rate, since
most of these sources have signals at their final chirp-
ing stages well above the LISA detection threshold. As
seen from Figure 18, the possible range of the BBH co-
alescence rate can span two orders of magnitude, due
to the use of the different BH–host galaxy relations (for
example, at redshift z ∼ 3, the standard deviation of
the logarithms of the cumulative BBH coalescence rates
around the median shown in Figure 18 is +0.46−0.68dex for the
case of log(MBH/M) = 5 and log qBH = 0 and +0.54−0.46dex
for the case of log(MBH/M) = 8 and log qBH = −2.).
If taking into account this scatter, the possible range of
the LISA detection rate should be ∼ 0.1−10 yr−1, with
a median close to 0.9 yr−1.
The events contributing to the LISA detection in Fig-
ure 22 are mainly from those sources with MBH ∼ 105–
107M, qBH & 0.01, and z . 3. The modeling of the
low-mass BBH population here only represents an ex-
trapolation of the BBH population obtained partly based
on the BH–host galaxy relations determined from the
high-mass BH sample, and MBHs with smaller masses,
e.g., MBH . 105M, is not considered here. The low-
mass BBH population from the MBH seeds formed at
high redshifts might provide an additional contribution
to the detection. For example, based on the cosmologi-
cal hydrodynamical simulations from the EAGLE project
(Schaye et al. 2015), Salcido et al. (2016) predict a detec-
tion rate of ∼ 2 per year for the eLISA, and Figures 7-8
in Salcido et al. (2016) find two peaks of the distribu-
tion of sources in the strain-merging frequency space, one
of which has a location consistent with ours, while the
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other of which is caused by BBHs with smaller masses.
A comparison of the previous results obtained from semi-
analytical models (which predict higher rates by about
one order of magnitude) and those from hydrodynamical
simulations can also be found in Katz et al. (2019) (see
Table 2 therein).
6. DISCUSSION
Below we discuss and summarize the effects on the es-
timation of the stochastic GWB caused by the different
factors.
• GSMFs: we also calculate the strain amplitudes by
adopting the GSMFs of Torrey et al. (2015), Tom-
czak et al. (2014), Ilbert et al. (2013), and Muzzin
et al. (2013), and find that the ratios of these re-
sults to the result obtained by adopting the GSMF
of Behroozi et al. (2019) are 2.06, 0.92, 1.04, and
1.08, respectively. The difference in the estimated
strain amplitude caused by the difference in the
GSMFs, except for that from Torrey et al. (2015),
is negligible.
• Galaxy merger rates: the uncertainties in the loga-
rithm of the GW strain can be contributed roughly
by half of the uncertainties in the logarithm of
galaxy merger timescales and in the logarithm of
close-pair fractions given by observations. The dif-
ference in the galaxy merger timescales of Kitzbich-
ler & White (2008) and Lotz et al. (2011) is a
factor of ∼ 3 (see Eqs. 43 and 44), and the loga-
rithm of the strain amplitude estimated by adopt-
ing those of Kitzbichler & White (2008) can be
∼ lg(√3) '0.24 dex lower than that obtained by
adopting those of Lotz et al. (2011). Observational
uncertainty in the close-pair fractions give an addi-
tional scatter of ∼ 0.3 dex in the logarithm of the
strain.
• The different choices of BH–host galaxy relations
contribute to a difference as large as ∼1 dex in
the logarithm of the estimated strain amplitude,
as shown in Figure 20.
• The difference in the logarithm of the estimated
strain amplitude caused by the different obser-
vational galaxy shape distributions of Padilla &
Strauss (2008); Rodr´ıguez & Padilla (2013); Weij-
mans et al. (2014) is .0.15 dex.
• In this work, the effect of the gas is not considered
in the BBH evolution. The gas effect (e.g., Haiman
et al. 2009; Mayer et al. 2007) is negligible in the
estimate of the GWB strain at the PTA band, as
the GWB at the PTA band is mainly contributed
by BBH mergers at z < 2 and in high-mass galax-
ies, which is generally gas-poor. In addition, the
triaxiality of galaxy shapes has been shown to be
effective enough to decrease the BBH coalescence
timescales significantly. For smaller BBHs (e.g.,
MBH . 107M), they have relatively high proba-
bilities to be hosted in gas-rich mergers. However,
more than half of those BBHs have peak evolution
timescales shorter than a few Gyrs, even without
considering an acceleration of the merger processes
caused by gas (see Figure 9). It is not clear, yet, on
how much gas can sink into the vicinity of BBHs in
reality and how significant the gas effect can be on
the merger timescales. If a significant amount of
gas can sink into the BBH vicinity and accelerate
its merging process significantly, the estimation of
the surviving fractions and the coalescence rates of
those small BBHs deserve further improvements in
the future.
There are some other estimates of the stochastic GWB
from the cosmic population of BBHs in the literature
(e.g., Kelley et al. 2017; Roebber et al. 2016; Sesana et al.
2016; Ravi et al. 2015; Kulier et al. 2015; McWilliams et
al. 2014; Ravi et al. 2014). Below we list some recent es-
timates of the strain amplitude in the literature, together
with some brief descriptions of the astrophysical ingre-
dients implemented in each of those models. The dif-
ferences in those estimates come from the different uses
of the ingredients (such as GSMFs, galaxy merger rates,
BBH populations, BBH evolution models, and different
numerical simulation results) in the model.
• Kelley et al. (2017) obtain the BBH population
based on the Illustris Simulation and implement
different binary hardening mechanisms at different
BBH separation scales, including dynamical fric-
tion on galaxy scales, loss-cone stellar scatterings
within parsec scales, viscous drag from a circumbi-
nary disk, and GW emission at smaller scales. In
the loss-cone stellar scattering stage, a “refilling
fraction” coefficient describing the loss-cone refill-
ing rate compared to the case of full loss-cone refill-
ing is introduced. Within their model implemen-
tation, the BBH lifetimes are generally multiple
Gyr. As a consequence, only a limited fraction
of BBHs could finish final coalescence by z = 0,
e.g., 45% for BBHs with total masses above 108M
and mass ratios above 0.2. (Our detailed consid-
erations of the dynamical evolution of BBHs in
this work find that according to Fig. 8, for galaxy
mergers occurring at z = 0 and their BBHs with
MBH = 10
8M and qBH = 0.01, the fraction of
the BBHs with coalescence timescales shorter than
the Hubble timescale is ∼87% if the shape distri-
bution from Padilla & Strauss (2008) is adopted,
and ∼75% if the shape distribution from Weijmans
et al. (2014) is adopted, according to Fig. 8. For
galaxy mergers at z = 2 and their corresponding
BBHs, the fraction is ∼ 60% if the shape distri-
bution from Padilla & Strauss (2008) is adopted,
and ∼38% if the shape distribution from Weijmans
et al. (2014) is adopted.) Their model taking into
account the above hardening mechanisms predicts
a strain amplitude of Ayr = 3.7× 10−16.
• Roebber et al. (2016) also studies the GWB pro-
duced by the cosmic population of BBHs, especially
on the high-frequency end strain spectral features
contributed by a limited number of massive BBHs
systems. Their halo merger sample is based on two
recent dark matter simulations, i.e., the Dark Sky
simulation (Warren 2013) and the MultiDark sim-
ulation (Riebe et al. 2011; Prada et al. 2012). The
halos are then filled with galaxies whose masses are
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determined based on the galaxy mass–halo mass re-
lation of Behroozi et al. (2013). The GSMFs for
galaxies in the two dark matter simulations are
consistent with our model within the mass range
[2×1010, 2×1011]M, beyond which their GSMFs
tend to be lower than the one that we adopt. The
MBHs are then assigned to galaxies according to
the MBH−M∗ relation of Kormendy & Ho (2013).
The BBH coalescence is assumed to occur instanta-
neously after halo mergers. Their estimated strain
amplitude is Ayr ∼6–7×10−16.
• In the estimate of Sesana et al. (2016), four sets of
different GSMFs are adopted with equal weights,
including those of Bernardi et al. (2013), Ilbert
et al. (2013), Muzzin et al. (2013), and Tomczak
et al. (2014); and four different sets of close-pair
fractions are used, including those of Bundy et al.
(2009), de Ravel et al. (2009), Lo´pez-Sanjuan et al.
(2012), and Xu et al. (2012). To convert the close
pair fractions into fractional merger rates of galax-
ies, two sets of observability timescale of galaxy
mergers are adopted, including those of Kitzbich-
ler & White (2008) and Lotz et al. (2011). Three
sets of the BH–host galaxy relations are used in
their model, including the MBH−M∗ relation and
the MBH − σ relation of Kormendy & Ho (2013),
and the MBH −M∗ − σ relation of Shankar et al.
(2016). The BBH coalescence is assumed to oc-
cur instantaneously after galaxy mergers. With
the MBH − M∗ and MBH − σ relations of Kor-
mendy & Ho (2013), their estimated median strain
amplitude is Ayr∼1.3 × 10−15, and with the BH–
host galaxy relation of Shankar et al. (2016), the
median value drops by a factor of ∼3, decreas-
ing to 4 × 10−16. Our results obtained by adopt-
ing the same MBH −M∗ relation of Kormendy &
Ho (2013) is Ayr∼5.0 × 10−16 (see Table 1) and
lower than the above Ayr∼1.3×10−15 estimated by
Sesana et al. (2016); the difference may be partly
from the difference in the used galaxy merger rates
and partly from the delayed BBH coalescence after
galaxy merger.
• Ravi et al. (2015) adopts the GSMF of Muzzin et al.
(2013) in their fiducial model. The galaxy merger
rate in their model is also based on the observa-
tional galaxy close-pair counts, i.e., those of Con-
selice et al. (2009), Xu et al. (2012), and Robotham
et al. (2014). Regarding the observability timescale
of galaxy mergers, Ravi et al. (2015) adopt the nor-
malization of Lotz et al. (2011) plus the redshift
dependence of Kitzbichler & White (2008). The
resulting 3 sets of galaxy fractional merger rates
adopted by Ravi et al. (2015) are a factor of ∼3
above that in our model. To convert the bulge
masses to the MBH masses, the MBH − M∗ re-
lations of Kormendy & Ho (2013) and Scott et al.
(2013) are adopted by Ravi et al. (2015). The BBH
coalescence is assumed to occur instantaneously af-
ter galaxy mergers. Their estimated strain ampli-
tude is Ayr∼1.3× 10−15 for their fiducial model in
which the MBH −M∗ relation of Kormendy & Ho
(2013) is chosen. The estimated strain amplitude
is already quite close to the current upper limits on
the stochastic GWB from the NANOGrav and the
IPTA.
7. CONCLUSIONS
We have investigated the evolution of supermassive
BBHs in galaxies with realistic property distributions,
their statistical distributions, and the GW radiation
emitted by their coalescence. In the model, by adopting
the observational high-resolution surface brightness pro-
files of some galaxy samples and the observational galaxy
shape distributions, we study the dynamical interactions
of the BBHs with their environments and construct the
BBH evolution tracks in the realistic galaxy distribu-
tions. By incorporating the BBH evolution tracks with
the GSMF, galaxy merger rates, the BH–host galaxy re-
lations, effects of multiple galaxy mergers during the evo-
lution of a BBH, we obtain the following main results on
the evolution of BBHs, their statistical distributions, and
their GW radiation at the PTA and LISA bands.
• Triaxial galaxy shapes, even with a mild triaxiality,
can significantly decrease the BBH peak evolution
timescale (tpeak) after the BBH becomes bound,
compared to a nearly spherical, or nearly prolate,
or nearly oblate shape (see Figs 2 and 7), which is
consistent with the results in Yu (2002). If the
galaxy shape is triaxial and not close to nearly
spherical/prolate/oblate, the peak timescale is not
sensitive to the value of the triaxiality. The statisti-
cal distribution of the BBH coalescence timescales
shifts towards longer timescales if the galaxy shape
distribution is close to axisymmetric, compared to
the case in triaxial shape distributions (see Fig. 8),
and thus the fractions of the BBHs that can evolve
into the PTA band becomes smaller, leading to a
lower stochastic GWB amplitude.
• The BBHs formed by local galaxy mergers (z =
0) have their coalescence timescales distributing
widely from ∼108 to ∼1012 yr (see Fig. 8). High-
mass BBHs tend to have a relatively larger frac-
tion with longer τ0 than low-mass BBHs. Com-
pared BBHs with large mass ratios, BBHs with
smaller mass ratios tend to have a larger fraction
with longer τ0, mainly due to the increased dynam-
ical friction timescales, which is consistent with the
study in Yu (2002). Compared with the distribu-
tion of log τ0, the distribution of the BBH peak
timescale after the dynamical friction stage, tpeak,
is less sensitive to the BBH mass ratios (see Fig. 9).
For low-mass BBHs, their coalescence timescales
are relatively longer than their peak timescales af-
ter they become bound, which is also mainly due to
the significant contribution of the dynamical fric-
tion timescale to the coalescence timescales. Over-
all, the slopes of the BBH evolution curves during
the hard binary stage are in the range from -4 to -1
for systems with mass ratio greater than 0.1, not
deviating from the value -1 by orders of magnitude,
indicating that in most of those cases the stellar re-
filling rates to the loss cone are not low compared
to the rates in the full loss cone case.
• Given the BBH total mass and its mass ratio,
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the surviving BBHs with large semimajor axes
are mainly contributed by those systems which
have coalescence timescales longer than the Hub-
ble time and have not reached the gravitational
radiation stage, and the surviving BBHs at the
low-semimajor axis end are those being at the
gravitational radiation stage and having coales-
cence timescales shorter than the Hubble time (see
Figs. 12). The semimajor axis distribution of the
surviving BBHs peaks around the transition to the
gravitational radiation stage, where the evolution
of most of the BBHs are located at their “bottle-
necks”. Below the peak semimajor axis, the distri-
bution decreases with decreasing semimajor axes
sharply, following a power law. Above the peak
semimajor axis, the distribution decreases with in-
creasing semimajor axes mildly. With increasing
the total BBH mass or the BBH mass ratio, the
peak of the distribution of surviving BBHs shifts
to larger semimajor axes, longer orbital periods,
and lower GW frequencies. The semimajor axes of
some observational BBH candidates do not locate
at the peak locations, which would imply a promis-
ing prospect for discovering more BBH candidates.
The distributions of surviving BBHs can serve as a
guide for searching BBH systems at parsec or sub-
parsec separation scales.
• Among the MBHs at galactic centers in the lo-
cal universe (z = 0), the fractions of surviving
BBHs with qBH > 1/3 and a < 10 pc are ex-
pected to ∼1%-3%. At z = 0, the fractions of
surviving BBHs with qBH > 1/3 and orbital peri-
ods 1 yr < P < 10 yr are expected to be ∼0.5%–1%
in MBHs with MBH ∼ 106–107M. The fractions
of those with 1 yr−1 < P < 30 yr−1 are expected
to be ∼2% in MBHs with MBH ∼ 106–107M, and
the fractions decrease in MBHs with other masses,
down to 10−4 for MBH ∼ 109M. The fractions
are not sensitive to redshifts at z . 3. The frac-
tions of surviving BBHs can increase to ∼ 10% for
qBH > 1/100.
• The time delays between host galaxy mergers and
embedded BBH coalescences decrease the BBH
coalescence rates at high redshifts while increase
them at low redshifts, compared to the results
obtained by assuming instantaneous BBH coales-
cences (see Fig. 17). This effect is significant espe-
cially for BBHs with smaller mass ratios, as BBHs
with smaller mass ratios tend to have relatively
longer coalescence timescales. The BBH coales-
cence rates obtained by using different sets of the
BH–host galaxy relations differ a lot, up to ∼2 or-
ders of magnitude (see Fig. 18).
• The stochastic GWB strain spectrum around the
PTA band contributed by the cosmic population
of BBHs is estimated, and the effects of the phys-
ical ingredients involved in the estimation are dis-
cussed. The strain spectrum has a peak or turnover
at the frequency ∼ 0.25 nHz. The spectrum fol-
lows a power law ∝ f−2/3 at frequencies higher
than the turnover frequency, unless the frequen-
cies are high enough so that the number of con-
tributing sources is too small to have a significantly
statistical estimate. And the spectrum declines
with decreasing frequencies with an exponent of
− 23 + κgw2 ∼ 1.2 ± 0.2 at frequencies lower than
the turnover frequency.
• Using different BH-host galaxy relations in the
model can lead to the difference in the GWB
strain amplitude by one order of magnitude (see
Fig. 19). At frequency 1 yr−1, the median value
of the characteristic strain amplitudes Ayr ob-
tained with the different BH–host galaxy rela-
tions is Ayr∼2.0 × 10−16, the maximum value is
Ayr∼5.4 × 10−16 obtained with the MBH−M∗ re-
lation of Kormendy & Ho (2013), and the mini-
mum one is Ayr∼6.1 × 10−17 obtained with the
MBH−M∗−σ relation of Shankar et al. (2016). The
maximum and the median values are below the cur-
rent upper limit set by the PTA experiments by
a factor of ∼ 2 and ∼ 5, respectively. Our esti-
mate is lower than previous estimates by a factor
of ∼ 1.5–3, partly due to the different choices of
galaxy merger rates, and partly due to the inclu-
sion of the time delay between BBH coalescences
and galaxy mergers. The GWB strain amplitudes
at a little lower frequency ∼ 10 nHz are expected
to be within the detection ability of future experi-
ments (e.g., SKA, ngVLA).
• The above estimates obtained with including the
BBH orbital evolution and the time delays be-
tween host galaxy mergers and BBH coalescence
has decreased the estimated strain amplitude by
∼0.1–0.2 dex, compared to the estimates obtained
with an instantaneous BBH coalescence assump-
tion. The above estimates are obtained by adopt-
ing the galaxy shape distributions in Padilla &
Strauss (2008) or Rodr´ıguez & Padilla (2013) is
adopted, which prefers triaxial configurations. If
the galaxy shape distribution of Weijmans et al.
(2014) is adopted, which prefers axisymmetric con-
figurations, the estimated strain amplitudes will
decrease by another ∼0.15 dex.
• At frequencies f & 10−8 Hz, the GWB strain spec-
trum deviates to below the −2/3 power law and
fluctuates due to the small number of BBH sources
at the high-frequency end. The prospect of de-
tecting GW signals from individual BBH systems
around the PTA band is studied, through simu-
lating the cosmic BBH populations in our model
(see Fig. 20). According to the simulated real-
izations, it is found that the majority of individ-
ual sources with signals higher than the stochastic
backgrounds are located at frequencies & 10−8 Hz.
The loudest signals located at 10−8–10−7 Hz have
BBH masses higher than ∼ 109M, and redshifts
z . 1, and their strain amplitudes are lower than
the best constraints of current PTAs on continu-
ous individual sources by about one order of mag-
nitude.
• Finally, we extend the investigation of GW radi-
ation from the cosmic population of BBHs to the
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LISA detection bands. Based on our realizations
of the BBH populations, the detection rate of this
population is predicted to be ∼0.9 yr−1, which sets
the lower limit for the LISA detection rates.
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Figure 1. Distributions of the galaxy properties for the galaxies from the ATLAS3D (Cappellari et al. 2011) sample (blue) and Lauer
et al. (2007a) sample (red). The parameters shown in the figure include the five “Nuker law” parameters (i.e., break radius Rb, surface
brightness at break radius µb, α, β, γ; see Eq. 39) and mass-to-light ratio M/L in the V band. Each circle represents one galaxy, and the
solid lines represent the histograms of the corresponding parameters. See Section 4.1.1.
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Figure 2. The left panel shows the observational shape distributions of early-type galaxies, based on the different works labeled by the
texts. The blue and red contours show the probability distributions obtained in Padilla & Strauss (2008) and Rodr´ıguez & Padilla (2013),
respectively, and the contour levels decrease from the center to the outer parts by an interval of 10% of the maximum of the corresponding
probability distribution. The green plus symbol marks the possible ranges of the mean medium-to-major and minor-to-major axis ratios of
the early-type galaxies in the SDSS DR3 data set, obtained in (Vincent & Ryden 2005), and the ranges are converted from their constraints
on the triaxiality and the minor-to-major axis ratio of the bright galaxies sample with a de Vaucouleurs profile therein. For Weijmans
et al. (2014), only the best fitting results for their fast-rotator galaxies are shown, whose shape distribution is consistent with an almost
oblate sample; and the magenta point and the error bar show the mean value and the standard deviation of their c/a ratios. The right
panel shows the dependence of the peak timescale of the BBH evolution on galaxy shapes. The thick black curves represent the contours
of log(tpeak/yr) of a BBH system (with qBH = 1) after becoming bound in the example galaxy shown in Figure 6. The values labeled for
the corresponding black curves are log(tpeak/yr) calculated from the BBH evolution model presented in Section 2, with an interval level of
0.1 dex. This figure shows that even a mild triaxiality can decrease tpeak significantly (see also Fig. 2 below). See details in Sections 4.1.2
and 5.1.
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Figure 3. Galaxy stellar mass functions ngal(Mgal, z) obtained from both observations and hydrodynamical simulations (see Section 4.3.1).
The vertical axis represents Mgal · ngal(Mgal, z). The left panels show the observational GSMFs. The black and the magenta curves
correspond to the local (z = 0) GSMFs obtained from Bernardi et al. (2013) and Kelvin et al. (2014), respectively. The red curves show
the GSMFs from Muzzin et al. (2013); and the different line styles represent the different redshifts (z = 0.2, 0.5, 1.0, 2.0, 3.0), as labeled by
the texts. The green and the blue curves show the results from Ilbert et al. (2013) and Tomczak et al. (2014), respectively. The right panel
shows the GSMFs used in this work, which is from Behroozi et al. (2019) (black). The GSMFs from the observational results in Ilbert
et al. (2013) (green) and the Illustris simulation results in Torrey et al. (2015) (orange) are also shown in the panel for comparison. The
differences in the stochastic GWB strain amplitude caused by using the different GSMFs are discussed in Section 6.
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Figure 4. Galaxy major pair fractions fpair (upper panel) and fractional major merger rates R(> Mgal, z) (lower panel) as a function of
redshift z (see Eqs. 41 and 42), which are converted from both hydrodynamical simulations and observational results. In the upper panel,
the grey symbols show the close pair fraction of galaxies obtained from the observational samples at z . 1, and the other color symbols
show some recent observational results that extend to high redshift z & 3, as labeled by their references. Those observational results are
based on close pair counts or the morphological disturbance. The filled and the empty symbols correspond to the samples of galaxies with
Mgal & 1010M and Mgal & 1011M, respectively. Note that besides the difference in total masses, the different samples have different cut
criteria on the maximum projected separation and velocity difference between two galaxy members in a pair. The black curves show the
close pair fraction of galaxies with total mass greater than 1010M (solid) and 1011M (dashed), obtained by the product of the galaxy
fractional major merger rate from Rodriguez-Gomez et al. (2015) and the average observability timescale of galaxy mergers from Snyder
et al. (2017) (both based on the Illustris simulation results, Vogelsberger et al. 2014). Here Cmrg = 1.0 is assumed in Equation (41), and
only the major pairs with qgal ≥ qmajor = 1/4 (see Eq. 42) are considered. The purple curves correspond to the close pair fraction of the
galaxies with total mass greater than 1010M (solid), 1010.5M (dashed) and 1011M (dotted), respectively, as shown in Qu et al. (2017),
which is based on the EAGLE simulation (Schaye et al. 2015). In the lower panel, the black curves show the fractional galaxy merger
rates obtained from the numerical simulations in Rodriguez-Gomez et al. (2015), and the observational symbols are converted from the
corresponding symbols of close-pair fractions in the upper panel and the average observability timescale of galaxy mergers obtained from
Snyder et al. (2017) (see Eq. 41). This figure illustrates the uncertainty in the close-pair fraction, the fractional merger rate of galaxies and
their dependence on the redshift, from both observations and hydrodynamical simulations. This figure shows that the fractional galaxy
merger rates obtained from Rodriguez-Gomez et al. (2015) is close to the observational one converted by using Equation (45) (which evolves
with redshift strongly).
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Figure 5. Different BH–host galaxy relations used in this study, expressed through the relations between the MBH masses and the masses
of the spheroidal components of the host galaxies. The solid, the dashed, and the dotted lines represent the relations converted from the
MBH − σ, the MBH −M∗, and the MBH −M∗ − σ relations shown by Equation (46), respectively. Different lines represent the different
works as labeled by the texts (see also Table 1). The MBH−M∗ relations shown by Equation (46) are drawn in this figure directly, and the
MBH − σ and the MBH −M∗ − σ relations are converted to the MBH −M∗ relation by applying the relation between σ and M∗ obtained
in Gallazzi et al. (2006). See Section 4.4.
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Figure 6. Examples of the evolution tracks of BBHs in a galaxy, with different assumed BBH mass ratios and merger remnant shapes.
The radial surface brightness of the spheroidal component of this galaxy is described by the Nuker-law profile with parameters Rb = 466 pc,
µb = 17.0, α = 3.97, β = 1.26, γ = 0.72, and the mass-to-light ratio in the V band M/L = 3.2 M/L. The total stellar mass of the merger
remnant is 1012M and the total mass of the BBH is 108.6M. The solid and the dashed curves correspond to the cases with the assumed
BBH mass ratio qBH = 1 and 0.1, respectively. The different colors represent the assumed different shapes of the galaxy merger remnant,
i.e., red for (b/a, c/a) = (1.0, 1.0), green for (1.0, 0.8), blue for (1.0, 0.6), cyan for (0.9, 0.8), and magenta for (0.8, 0.6), where b/a and c/a
correspond to the medium-to-major and the minor-to-major axis ratios of the mass density distribution. The vertical arrows at the bottom
of the figure mark the semimajor axes at which the BBH enters the gravitational radiation stage for the corresponding evolution curves
with the same colors, and the horizontal arrows mark the peak evolution timescales after the BBH becomes hard for the corresponding
evolution curves with the same colors. See Section 5.1.
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Figure 7. The dependence of the peak timescale tpeak on the triaxiality parameter T = (a
2 − b2)/(a2 − c2) for the same BBH system
shown in Figure 2, Different curves show the results obtained with the different sets of the minor-to-major axis ratios c/a of the mass
density distribution of the host merger remnant. The sharp decrease of tpeak at T ∼ 0 and 1 is consistent with those shown in Figure 2.
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Figure 8. Probability distributions of the logarithm of the coalescence timescale log τ0 (cf. Equation 48) of a population of BBHs whose
host galaxies merge at redshift z′ = 0, ψlog τ0 (log τ0|MBH, qBH, z′ = 0), and their dependence on the properties of the BBHs and their
host galaxies. The left panels show the distributions of log(τ0/yr) for BBHs with mass ratio qBH = 1.0 and with different total masses
MBH (shown by different colors), which suggest that the BBHs with high total masses (e.g., ∼ 109-1010M) have a relatively large fraction
of long τ0 (e.g., longer than the Hubble timescale ∼ 1010 yr. The right panel shows the distributions of log(τ0/yr) for BBHs with total
mass MBH = 10
8M and with different mass ratios qBH, which suggest that the BBHs with smaller BH mass ratios (e.g., qBH = 0.01)
have a relatively larger fraction of long τ0. The different rows represent the results obtained with the shape distributions of early-type
galaxies in the different works, i.e., Weijmans et al. (2014), Rodr´ıguez & Padilla (2013), and Padilla & Strauss (2008) from top to bottom
panels, respectively. The distributions obtained with triaxial shape distributions in the top and the middle panels are close to each other,
and the distributions obtained with nearly oblate shape distribution in the bottom panel are relatively broadened towards longer τ0. See
Section 5.2.
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Figure 9. Probability distributions of the logarithm of the timescale log tpeak (cf. Equation 48) for the same BBH population shown in
Figure 8, ψlog tpeak (log tpeak|MBH, qBH, z′ = 0), and their dependence on the properties of the BBHs and their host galaxies. The curves
with different colors and the texts have meanings similar to those in Figure 8. Compared to those in Figure 8, the distributions are less
sensitive to the BBH mass ratios.
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Figure 10. Probability distributions of the slope of BBH evolution tracks αBBH (cf. Equation 48) in the logarithmic evolution timescale
log tevol versus logarithmic semimajor axis log a space during the hard-binary stage of the same BBH population shown in Figure 8,
ψαBBH (αBBH|MBH, qBH, z′ = 0), and their dependence on the properties of the BBHs and their host galaxies. The curves, the colors,
and the texts have meanings similar to those in Figure 8. In the upper panels, the galaxy shape distribution of early-type galaxies from
Weijmans et al. (2014) is adopted. Whereas in the lower panels, the shape distribution of Padilla & Strauss (2008) is adopted. The
results obtained by adopting the shape distribution of Rodr´ıguez & Padilla (2013) are very close to those obtained by adopting the shape
distribution of Padilla & Strauss (2008), and are not shown here.
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Figure 11. Probability distributions of the logarithms of the semimajor axis log agr (top panel), the GW frequency log fgr (middle panel),
and the orbital period log Pgr (bottom panel) at which the BBHs enter the gravitational stage for the same population of BBHs shown in
Figure 8, i.e., ψlog agr (log agr|MBH, qBH, z′ = 0), ψlog fgr (log fgr|MBH, qBH, z′ = 0), and ψlogPgr (logPgr|MBH, qBH, z′ = 0). In each panel,
the solid and the dotted curves show the results obtained with adopting the galaxy shape distributions of Padilla & Strauss (2008) and
Weijmans et al. (2014), respectively. The results obtained with adopting the galaxy shape distribution of Rodr´ıguez & Padilla (2013) are
very close to those of Padilla & Strauss (2008) and are therefore not shown in the figure.
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Figure 12. Semimajor axis distributions of the surviving BBHs at redshift z = 0. In the upper panels the vertical axis represents the
variables aMBHqBH(ln 10)
3ΦBBH(MBH, qBH, a, z = 0). In the lower panels the vertical axis represents the cumulative semimajor axis
distribution over semimajor axis of the corresponding upper panel,
∫ a
0 MBHqBH(ln 10)
2ΦBBH(MBH, qBH, a
′, z = 0) da′. In the left panels,
the BBH mass ratio is set to qBH = 1.0, and the different colors represent the different BBH total masses MBH, as labeled by the texts.
In the right panels, the BBH total mass is set to MBH = 10
8M, and the different colors represent the different BBH mass ratios qBH, as
labeled by the texts. In the figure, the dot-dashed curves represent the contribution only by those BBHs whose coalescence timescale τ0 are
shorter than the Hubble timescale, and the solid curves represent all the contribution. As seen from the differences between the solid and
the dot-dashed curves, the distributions of the surviving BBHs with large semimajor axes (at the binary stages) are mainly contributed by
those not being able to finish their final coalescences within the Hubble timescale, while the distributions of the BBHs with low semimajor
axes (at the gravitational radiation stage) are those that can coalesce within the Hubble timescale. In the calculation, we adopt the GSMF
from Behroozi et al. (2019) and the galaxy fractional merger rate from Rodriguez-Gomez et al. (2015), and the galaxy shape distribution
of Padilla & Strauss (2008) is used in modeling the BBH evolution (similarly for all the figures below). All the BH–host galaxy relations
listed in Table 1 are used, and the median distributions obtained with those relations are shown in the figure (similarly for Figs. 13–17
below). See Section 5.3.
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Figure 13. The orbital period distributions and the cumulative orbital period distributions of the same BBH populations shown in
Figure 12. The line colors and styles have the same meanings as those shown in the corresponding panels of Figure 12. We set qBH = 1.0
in the left panels and MBH = 10
8M in the right panels, as shown in Figure 12. See Section 5.3.
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Figure 14. The GW frequency distributions and the cumulative GW frequency distributions of the same BBH populations shown in
Figure 12. The line colors and styles have the same meanings as those shown in the corresponding panels of Figure 12. We set qBH = 1.0
in the left panels and MBH = 10
8M in the right panels, as shown in Figure 12. See Section 5.3.
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Figure 15. The BBH relative velocity distribution and the cumulative distribution of the same BBH populations shown in Figure 12,
where the relative velocities are obtained by assuming that BBHs are on circular orbits, given their masses and separations. The line colors
and styles have the same meanings as those shown in the corresponding panels of Figure 12. We set qBH = 1.0 in the left panels and
MBH = 10
8M in the right panels, as shown in Figure 12. See Section 5.3.
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Figure 16. The fractions of the MBHs that are surviving BBHs with qBH ≥ 1/3, 1/10, 1/100, as a function of redshift. In the left panels,
only BBHs with semimajor axis 0 < (a/pc) ≤ 10 are included, and in the right panels, only BBHs with orbital periods 1 yr < P < 10 yr
or 1 yr < P < 30 yr are included. The different colors represent the different BBH total masses MBH, as denoted by the texts. The
dot-dashed curves represent the contribution only by those BBHs whose coalescence timescale τ0 are shorter than the Hubble timescale at
the corresponding redshift, and the solid curves represent all the contribution. As seen from the top left panel, the surviving BBH fractions
with qBH ≥ 1/3 are around ∼1%–3% (solid curves) for different BH masses, and more than about a half of them have total evolution
timescales shorter than the Hubble timescale. The surviving BBH fractions with qBH ≥ 1/100 increase to ∼ 10% in the bottom left panel.
As seen from the top right panel, at z = 0, the fractions of surviving BBHs with qBH ≥ 1/3 and orbital periods 1 yr < P < 10 yr are
expected to be ∼0.5%–1% in MBHs with MBH ∼ 106-107M, the fractions of those with 1 yr < P < 30 yr are expected to be ∼2% in
MBHs with MBH ∼ 106-107M, and the fractions decrease in MBHs with other masses, down to 10−4 for MBH ∼ 109M. The fractions
are not sensitive to redshifts at z . 3. The fractions of surviving BBHs with qBH ≥ 1/100 and 1 yr < P < 30 yr increase to ∼ 10% for
MBH ∼ 106-107M and ∼ 6× 10−3 for MBH ∼ 109M, as shown in the bottom right panel. See Section 5.3.
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Figure 17. The BBH coalescence rates as a function of redshift, and their dependence on BBH total masses and mass ratios. In the upper
panels, the vertical axis represents the variable MBHqBH(ln 10)
2RBH(MBH, qBH, z) (see Eq. 20). In the lower panels, the vertical axis
represents the volume-integrated rates for for the corresponding upper panel, i.e.,
∫ z
0 MBHqBH(ln 10)
2RBH(MBH, qBH, z)|dVc/dz|/(1+z)dz,
where dVc is the comoving volume of the universe at the redshift range z → z + dz. The line colors have the same meanings as those
shown in the corresponding panels of Figure 12. We set qBH = 1.0 in the left panels and MBH = 10
8M in the right panels, as shown in
Figure 12. The solid and the dashed lines represent the results obtained with and without including the time delays between host galaxy
mergers and embedded BBH coalescences, respectively, and their differences are significant for low BBH mass ratios and at high redshifts.
In addition, the low qBH cases illustrated in the right panels suggest that the ignoration of the time delays between galaxy mergers and
BBH coalescences may lead to an overestimate of the LISA detection rates. See Sections 5.4 and 5.7.
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Figure 18. The BBH coalescence rates obtained with the different sets of BH–host galaxy relations listed in Table 1. The vertical axes
represent the same variables as those in the corresponding panels of Figure 17, and the time delays between host galaxy mergers and
embedded BBH coalescences are included. The left panels show the results for the case of (MBH, qBH) = (10
5M, 1), and the right panels
show the results for the case of (MBH, qBH) = (10
8M, 0.01). As seen from the figure, the difference in the BBH coalescence rates caused
by the difference in the BH–host galaxy relations can be up to two orders of magnitude. See Section 5.4.
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Figure 19. The characteristic strain spectra hc of the stochastic GWB from the cosmic population of BBHs (cf. Eq. 31), as a function
of the observer-rest frequency f around the PTA band. The upper panel shows the characteristic strain spectra hc of the stochastic GWB
from the cosmic population of BBHs expected from the model in this work. The different curves covering the whole frequency range in
the upper panel represent the results obtained with the different sets of BH–host galaxy relations listed in Table 1, which differ by one
order of magnitude and contribute significantly to the uncertainty in the estimate of the stochastic GWB. In the lower panel, the black
solid curve and the shaded region represent the median and the standard deviation of the spectra shown in the upper panel. The dashed
curve represents the median spectrum obtained without including the time delays between the galaxy mergers and BBH coalescences in
the model. The spectrum at the high-frequency end follows the unique −2/3 power law of the observational frequency. The bending of
the strain spectrum shown at the low-frequency end (. 10−9 Hz) is caused by that a significant part of the BBH energy loss is driven by
three-body interactions with surrounding stars, and the spectra correspond to the BBH evolution tracks at a & agr. In the figure, the red,
green, blue, magenta, and cyan curves located close to the upper right corner are the currently most stringent sensitivity curves obtained
by NANOGrav (Arzoumanian et al. 2018), EPTA (Lentati et al. 2015), PPTA (Shannon et al. 2015), and the expected sensitivity curves
of the planned PTAs based on ngVLA (NANOGrav Collaboration 2018) and SKA (Bonetti et al. 2018), respectively, as labeled by the
texts. The red, green, blue, and yellow symbols mark the currently upper limit of the GWB set by NANOGrav, EPTA, PPTA, and IPTA,
respectively. As seen from the figure, the estimated maximum strain amplitude at f = 1 yr−1 is below the current upper limit set by the
PTA experiments by a factor of ∼ 2, while the median of the predicted values is smaller than the current upper limit by a factor of ∼ 5.
The GWB strain amplitudes at a little lower frequency ∼ 10 nHz are expected to be within the detection ability of future experiments
(e.g., SKA, ngVLA). See Section 5.5.
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Figure 20. Demonstration of the GW strain spectrum fluctuation at the high-frequency end of the PTA band due to the limited number of
BBH systems within those frequencies, and the prospects for detecting individual BBH sources with characteristic strain amplitudes standing above
the average background at the PTA band. The distributions of the characteristic strain amplitudes of individual BBH sources are obtained from
ten realizations of the cosmic population of BBHs generated in our model (see Section 5.6). In each panel, the purple dashed curve shows the
same strain spectrum as the one in Figure 19, obtained with the MBH−M∗ relation of Kormendy & Ho (2013). Each grey curve represents the
background strain spectrum of one realization of the cosmic population of BBHs, obtained by removing the loudest source in each frequency bin
and then adding up the GW signal of the rest sources (Eq. 55). The grey curves fluctuate at high frequencies, due to the limited number of the
BBH sources within these frequencies. The loudest source in each frequency bin is shown by a color circle in the figure, and it is shown by a filled
circle if it is loud enough to stand above its corresponding background (grey curve). The different colors in circles represent different total BBH
masses, different BBH mass ratios, and different redshifts in the top, the middle, and the bottom panels, respectively. The characteristic strain
amplitudes of the individual sources within the given frequency bins are obtained by assuming an observational run lasting Tobs = 25 years. At
the upper right corner of the panels, the red curve represents the 95% upper limit on the characteristic strain amplitude of individual continuous
sources, based on a Bayesian analysis of the NANOGrav 11-year data set (Aggarwal et al. 2018); the green curve shows the same limit, but based
on a Fp statistics analysis of the EPTA data set (see Figure 6 in Babak et al. 2016); the blue curve represents the sensitivity curve towards the
median sensitive sky position shown in Figure 10 of Zhu et al. (2014), based on an analysis of the PPTA DR1. As a reference, the broken black
lines (see Eq. 58) illustrate the characteristic strain amplitude of some example BBH systems as a function of observer-rest frequency. The example
BBHs have the same mass ratios qBH = 0.1, different total BBH masses MBH = 10
10, 109, and 108M from the top to bottom (given the same line
style), and different redshifts z = 0.1 (solid), 0.2 (dashed), and 1.0 (dotted) shown by the different line styles. The black lines are also obtained by
assuming an observational run lasting Tobs = 25 years for those example BBH systems.
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Figure 21. Cumulative fractions of the GWB energy density (dashed) and the characteristic strain amplitude (solid) at the observer-rest
frequency f = 1 yr−1. The left, the middle, and the right panels show the fractions contributed by galaxy mergers or BBH mergers at
redshift < z, total stellar mass < Mgal or BBH mass < MBH, mass ratios > qgal or > qBH (right), respectively. The blue curves represent
galaxy mergers, and the red curves represent BBH mergers. The MBH−M∗ relation of Kormendy & Ho (2013) is adopted in this figure.
As seen from the figure, most of the GWB energy density is contributed by galaxy or BBH mergers within redshift lower than 2, with total
galaxy mass within ∼ 1010–1012M or BBH mass within ∼ 108–1010M, and with merging galaxy or BH mass ratio greater than ∼ 0.01.
See Section 5.5.
Table 1
The BH–host galaxy relations
Abbr α˜ β˜ γ˜ ˜ log(Aplyr) log(Ayr) Drop log(fturn/Hz) κgw γgw Reference
dex
GE00a – 3.75 8.08 0.30 -15.69 -15.80 0.11 -9.28 3.27 0.27 Gebhardt et al. (2000)
FM00a – 4.80 8.14 0.30 -15.71 -15.85 0.14 -9.87 4.57 0.12 Ferrarese & Merritt (2000)
TR02a – 4.02 8.13 0.30 -15.67 -15.79 0.12 -9.48 3.65 0.20 Tremaine et al. (2002)
GU09a – 3.96 8.23 0.31 -15.58 -15.70 0.13 -9.54 3.63 0.21 Gu¨ltekin et al. (2009)
SA11a – 4.00 8.29 0.33 -15.52 -15.65 0.13 -9.60 3.78 0.19 Sani et al. (2011)
GR11a – 5.13 8.13 0.34 -15.71 -15.85 0.14 -9.84 3.94 0.17 Graham et al. (2011)
BE12a – 4.42 7.99 0.36 -15.79 -15.91 0.12 -9.61 4.18 0.15 Beifiori et al. (2012)
MM13a – 5.64 8.32 0.38 -15.56 -15.73 0.17 -9.93 3.96 0.17 McConnell & Ma (2013)
GR13a – 6.08 8.15 0.41 -15.68 -15.86 0.18 -9.84 3.38 0.25 Graham & Scott (2013)
KH13a – 4.42 8.50 0.29 -15.40 -15.55 0.15 -9.90 4.25 0.15 Kormendy & Ho (2013)
BO16a – 5.35 8.32 0.49 -15.51 -15.69 0.18 -9.98 3.99 0.17 van den Bosch (2016)
HR04b 1.12 – 8.20 0.30 -15.50 -15.62 0.12 -9.50 3.72 0.20 Ha¨ring & Rix (2004)
SA11b 0.79 – 8.20 0.37 -15.30 -15.42 0.12 -9.41 3.59 0.21 Sani et al. (2011)
BE12b 0.91 – 7.84 0.46 -15.62 -15.73 0.11 -9.36 3.64 0.19 Beifiori et al. (2012)
MM13b 1.05 – 8.46 0.34 -15.24 -15.38 0.14 -9.72 3.74 0.20 McConnell & Ma (2013)
KH13b 1.17 – 8.69 0.29 -15.11 -15.28 0.17 -9.94 3.70 0.19 Kormendy & Ho (2013)
BO16b 1.21 – 8.33 0.49 -15.31 -15.47 0.16 -9.89 3.74 0.19 van den Bosch (2016)
SH16c 0.50 4.50 7.70 0.25 -16.09 -16.22 0.14 -9.48 3.38 0.24 Shankar et al. (2016)
Note. — The BH–host galaxy relations in different works and the characteristic strain amplitudes of the stochastic GWBs
obtained with the relations. The BH–host galaxy relations are described by the parameters α˜, β˜, γ˜ (see Eq. 46), and the
intrinsic scatter of the relation ˜ (see Section 4.4), and the references to the relations are listed in the last column of the table.
Regarding the relation in Ferrarese & Merritt (2000) (FM00a), an intrinsic scatter is not provided in the original work; and here
a scatter of 0.3 dex is assumed, as listed in the table. The log(Ayr) and log(A
pl
yr) represent the strain amplitudes at f = 1 yr
−1,
obtained with and without including the time delays between galaxy mergers and BBH coalescences in our model, respectively.
The column of “Drop” gives the values of log(Aplyr)− log(Ayr). The parameter fturn is the turnover frequency of the obtained
GWB spectrum, κgw is the power describing the spectrum at the low-frequency end of the spectrum, and γgw is a parameter
to describe the shape transition of the GWB spectrum around the turnover frequency (see Eqs. 53 and 54). The numbers in
bold are about the medians of log(Ayr) and κgw, respectively.
Supermassive binary black holes and gravitational wave radiation 43
10 5 10 4 10 3 10 2 10 1 100
( )
10 22
10 21
10 20
10 19
10 18
10 17
10 16
10 15
=
=
=
=
sensitivity curve of LISA
sensitivity curve of TaiJi
sensitivity curve of TianQin
z=1
z=3
z=5
 5.0
 5.5
 6.0
 6.5
 7.0
 7.5
 8.0
(
/
)
10 5 10 4 10 3 10 2 10 1 100
( )
10 22
10 21
10 20
10 19
10 18
10 17
10 16
10 15
=
=
=
=
sensitivity curve of LISA
sensitivity curve of TaiJi
sensitivity curve of TianQin
z=1
z=3
z=5
 5.0
 5.5
 6.0
 6.5
 7.0
 7.5
 8.0
(
/
)
10 5 10 4 10 3 10 2 10 1 100
( )
10 22
10 21
10 20
10 19
10 18
10 17
10 16
10 15
=
=
=
=
sensitivity curve of LISA
sensitivity curve of TaiJi
sensitivity curve of TianQin
z=1
z=3
z=5
-3.0
-2.5
-2.0
-1.5
-1.0
-0.5
 0.0
10 5 10 4 10 3 10 2 10 1 100
( )
10 22
10 21
10 20
10 19
10 18
10 17
10 16
10 15
=
=
=
=
sensitivity curve of LISA
sensitivity curve of TaiJi
sensitivity curve of TianQin
z=1
z=3
z=5
-3.0
-2.5
-2.0
-1.5
-1.0
-0.5
 0.0
10 5 10 4 10 3 10 2 10 1 100
( )
10 22
10 21
10 20
10 19
10 18
10 17
10 16
10 15
=
=
=
=
sensitivity curve of LISA
sensitivity curve of TaiJi
sensitivity curve of TianQin
z=1
z=3
z=5
 0.0
 0.5
 1.0
 1.5
 2.0
 2.5
 3.0
 3.5
 4.0
 4.5
 5.0
10 5 10 4 10 3 10 2 10 1 100
( )
10 22
10 21
10 20
10 19
10 18
10 17
10 16
10 15
=
=
=
=
sensitivity curve of LISA
sensitivity curve of TaiJi
sensitivity curve of TianQin
z=1
z=3
z=5
 0.0
 0.5
 1.0
 1.5
 2.0
 2.5
 3.0
 3.5
 4.0
 4.5
 5.0
Figure 22. Demonstration of prospects for the detection of merging BBHs around the LISA frequency band. The black solid curve is the
sensitivity curve of the LISA detector (shown in Figure 1 of Amaro-Seoane et al. 2017), the black dotted curve is for Taiji and the black
dashed curve is for Tianqin (Ruan et al. 2018; Wang et al. 2019). The red dashed line represents a reference to the characteristic strain
spectrum of the stochastic background obtained by applying Equation (31) in our model and extending the involved model gradients to the
LISA band. Also as a reference, the grey curves illustrate the evolution tracks of some example merging BBH systems in the GW strain-
frequency space. The example BBHs have the same mass ratio qBH = 0.1, different total masses as labeled on the curves, and different
redshifts shown by different line styles and labeled by the texts. The GW characteristic strains of individual BBH sources generated from
one realization of the BBH population in our model are shown as color points at the beginning, with the color scales representing the
BBH total masses, mass ratios, and redshifts in the top, middle, and bottom panels, respectively. The color solid lines start from the
color points and correspond to the evolution tracks of the same sources during three years’ observation in the left panels and during ten
years’ observation in the right panels. The MBH−M∗ relation of Kormendy & Ho (2013) is adopted in this figure. The detection rate
demonstrated in this figure is ∼ 0.9 yr−1. See Section 5.7.
